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Abstract. Complements of topologically embedded 2-spheres in compact 4-manifolds

are investigated. The main technical result gives a necessary condition for such a

complement to be homotopically dominated by a compact polyhedron. Corollaries

give conditions under which the end of the complement will have a collar or a weak

collar.

Introduction

Let h : S2 → M4 be a topological embedding of the 2-sphere into the interior of
the compact 4-manifold M4. We use Σ to denote h(S2) and W to denote M − Σ;
then W is a non-compact 4-manifold with one end which we call ε. We wish to
investigate properties of ε that are related to the way in which Σ is embedded in
M . In particular, we give a condition which implies that neighborhoods of ε are
homotopically dominated by finite complexes and a second condition which implies
that the end is collared (or weakly collared).

Let us begin with a definition. A compact set X in the interior of a manifold
M is said to be globally 1-alg if for every neighborhood U of X in M there is a
neighborhood V of X in U such that the image of π1(V − X) in π1(U − X) is
abelian. We are most interested in the case in which X = Σ, as in the paragraph
above. In that case duality shows that the image of π1(V − Σ) in π1(U − Σ) will
be cyclic. The order of this cyclic group is determined by Σ · Σ, the integer-valued
self-intersection number of [Σ] ∈ H2(M ; Z). If Σ is globally 1-alg and Σ · Σ = 0,
then π1(ε) is infinite cyclic. Otherwise π1(ε) is a finite cyclic group whose order is
Σ · Σ. This is explained in Lemma 1, below.

We can now state our main results.

Theorem. If h : S2 → M4 is a topological embedding into the interior of the

4-manifold M and Σ = h(S2) is globally 1-alg, then any 0-neighborhood of the end

of M − Σ is finitely dominated.

In the infinite cyclic case we can obtain a collar on the end.
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Corollary 1. If Σ is a 2-sphere topologically embedded in the interior of the

4-manifold M and π1 of the end of M −Σ is infinite cyclic, then M −Σ ∼= M −K
for some locally flat 2-sphere K in M . Moreover, there exists a neighborhood N of

Σ such that N ∼= S2 ×B2 and N − Σ ∼= ∂N × [0, 1).

We do not know whether the end of the complement of every globally 1-alg 2-
sphere can be collared. The Theorem does show that the end is always tame. In §3
we prove that the finiteness obstruction σ(ε) ∈ K̃0(Z[π1(ε)]) is trivial and so we are
at least able to obtain a weak collar. (See [2, §11.9B] for the definition of a weak
collar.)

Corollary 2. If Σ is a 2-sphere topologically embedded in the interior of the

4-manifold M and π1 of the end of M − Σ is a finite cyclic group, then the end of

M − Σ has a weak collar.

The Theorem and its Corollaries generalize results in [3], where such theorems are
proved for the special case in which the ambient manifold is S4. This generalization
is interesting in its own right, but is also motivated by an application to a different
problem. That problem is the problem of giving a homotopy characterization of
local flatness for surfaces embedded in 4-manifolds. The conjecture is that a local
version of the 1-alg property will imply local flatness for a surface N topologically
embedded in the interior of the 4-manifold M . The surprising fact is that the global
structure of the end of M −N plays a role in this local problem. In [4], Corollary 1
above is used to prove the following result: If Σ is a 2-sphere topologically embedded
in the interior of the 4-manifold M4 so that Σ is locally 1-alg at x for every x ∈ Σ
and Σ · Σ = 0, then Σ is locally flat at x for every x ∈ Σ.

It should be noted that the Theorem only asserts that the global 1-alg condition
is a sufficient condition to guarantee that the end of the complement of Σ is finitely
dominated. In fact it is not a necessary condition, even in case Σ is a 2-sphere in
S4. In [4] we show that a necessary condition would involve π2(M − Σ). We also
show by example that conditions on π1(M − Σ) alone will not suffice; in [4] we
construct an example of a topological 2-sphere Σ ⊂ S4 such that π1(S4 − Σ) ∼= Z

but π2(S4−Σ) is nontrivial. Such an example must necessarily be wildly embedded
with π1(ε) unstable.

The results of this paper apply only in dimension 4. In high dimensions the
global 1-alg condition by itself is not strong enough to imply that that the end
of the complement of a topologically embedded codimension 2 sphere is finitely
dominated. Examples are discussed in [4].

Notation: Throughout the remainder of this paper, M will denote a compact 4-
manifold, h : S2 → intM will denote a topological embedding and Σ = h(S2).
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Then M − Σ is a noncompact manifold with one end which we call ε. If V is a
closed neighborhood of the end ε, we write V = V ∪ Σ.

Remark: All the results above hold true if Σ is a compactum having the shape
of S2; i.e., the topological embedding h can be replaced with a shape equivalence
from S2 to a compact subset Σ of M4.

1. Proof of the theorem

There are some technical results needed for the proof and we will state them as
lemmas. The first lemma explains the structure of π1(ε).

Lemma 1. If Σ is globally 1-alg embedded in intM , then the fundamental group

of the end ε is stable and cyclic. More precisely, π1(ε) ∼= Z/nZ, where n = Σ · Σ,

the integer-valued self-intersection number of [Σ] ∈ H2(M ; Z).

Proof: Since Σ is an ANR, we can choose a nested sequence {Vn}∞n=1 of closed,
connected, PL manifold neighborhoods of ε such that ∩Vn = ∅ and each V n+1 ↪→ V n
factors, up to homotopy, through a retraction rn+1 : V n+1 → Σ. Consider the
following diagram.

H2(V n+1; Z)
α1−−−→ H2(V n+1, Vn+1; Z)

α2−−−→ H1(Vn+1; Z)
α3−−−→ H1(V n+1; Z)

β1

� β2

� β3

� β4

�
H2(V n; Z)

γ1−−−→ H2(V n, Vn; Z)
γ2−−−→ H1(Vn; Z)

γ3−−−→ H1(V n; Z)

Notice that β2 is an isomorphism (excision) and β4 = 0 (by the choice of Vn),
so a simple diagram chasing argument shows that imβ3 = im γ2. Now dual-
ity gives H2(V n, Vn; Z) ∼= Ȟ2(Σ) ∼= Z, and the duality isomorphism takes x ∈
H2(V n, Vn; Z) to x·[Σ] ∈ Z. Furthermore, the images of H2(V n; Z) and H2(V n+1; Z)
in H2(V n, Vn; Z) are equal, so im γ1 is generated by γ1([Σ]), where [Σ] ∈ H2(Vn; Z).
Thus imβ3 = im γ2

∼= Z/nZ where n = Σ · Σ. It follows that the inverse sequence
{H1(V1; Z)← H1(V2; Z)← · · · } is stable and

lim←−
n

H1(Vn; Z) ∼= Z/nZ.

Finally, the fact that Σ is globally 1-alg implies that the inverse sequence {π1(V1)←
π1(V2)← · · · } is also stable and π1(ε) ∼= lim←−n{π1(Vn)} ∼= lim←−n{H1(Vn; Z)}.

Using Lemma 1, take V ⊂ V0 to be a pair of connected neighborhoods of ε such
that

(1) ∂V and ∂V0 are connected,
(2) the image of π1(V ) in π1(V0) is isomorphic to π1(ε), and
(3) the image of π1(∂V ) in π1(V ) contains the image of π1(ε) in π1(V ).
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Observe that the inclusion induced map π1(V )→ π1(V0) factors through H1(V ),
so ker[π1(V )→ π1(V0)] is a normally generated by a finite set. We can therefore do
1-dimensional surgery on the interior of V and arrange that i∗ : π1(ε)→ π1(V ) is an
isomorphism. Consequently, π1(∂V ) → π1(V ) will be surjective by (3) above. We
shall prove that V is dominated by a finite complex. Then every 0-neighborhood is
dominated by a finite complex by [6, Proposition 4.3].

Lemma 2. If Ṽ is the universal covering space of V and {En} is a nested sequence

of connected neighborhoods of the end of Ṽ with
⋂
En = ∅, then the compact

support cohomology group H1
c (Ṽ ; Z) = lim−→H1(Ṽ , En) = 0.

Proof: See the proof of [3, Lemma 3].

Lemma 3. H2(V, ∂V ; Z) is finitely generated.

Proof: From the exact sequence of the pair (V , V ), it follows that H2(V ; Z) is
finitely generated because H3(V , V ; Z) ∼= Ȟ1(Σ) = 0. Thus the Lemma follows
from the exact sequence of the pair (V, ∂V ).

We now define a subpolyhedron W of V as follows. Let ∂V (3) denote the collec-
tion of all closed 3-simplices of ∂V . For each σ ∈ ∂V (3), let Lσ be a proper PL ray
in V starting at the barycenter of σ, let Nσ be a regular neighborhood of Lσ in V

and let intV Nσ be the topological interior of Nσ in V . Without loss of generality
we may assume that

(4) each ∂Nσ is PL homeomorphic to R3 (the union of an increasing sequence of
PL 3-balls),

(5) Nσ ∩ ∂V = σ, and
(6) the family {intV Nσ|σ ∈ ∂V (3)} is pairwise disjoint.

Define W = V − ∪{intV Nσ|σ ∈ ∂V (3)}. Then

(7) W ∩ ∂V = ∂V (2), the 2-skeleton of ∂V , and
(8) π1(ε) ∼= π1(V ) ∼= π1(W ).

Let Λ denote the group ring Z[π1(ε)].

Lemma 4. If H is the homology or cohomology functor and B is any coefficient

bundle of Λ-modules, then H(V, ∂V ;B) ∼= H(W,∂V (2);B).

Proof: Let A = ∪{Nσ|σ ∈ ∂V (3)}. By (4), each Nσ strong deformation retracts
onto ∂Nσ; we abbreviate this Nσ ↘ ∂Nσ. It follows that A↘ ∂A and consequently
V ↘W ∪ ∂V . Hence,

H(V, ∂V ;B) ∼= H(W ∪ ∂V, ∂V ;B)
∼= H(W,∂V (2);B),
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the last isomorphism being an excision isomorphism.

Since V is homotopy equivalent to W ∪ ∂V = W ∪ (∪{σ|σ ∈ ∂V (3)}) and ∂V (3)
is a finite collection, we need only show that W is dominated by a finite complex.
Since Λ is Noetherian, Theorems B and F in [9] imply that it is sufficient to show
that W satisfies conditions D2 and NF2 in [9]. Refer to [10, Theorem 5] for an
equivalent statement of D2. We need only consider the case of countably generated
free Λ-modules since we will only be involved with countably generated free chain
complexes.

Lemma 5. W satisfies condition D2; i.e.,

(i) Hi(W ; Λ) = 0 for all i > 2, and

(ii) H3(W ;B) = 0 for every coefficient bundle B of countably generated free

Λ-modules.

Proof: First, for j = 3, 4 we have

Hj(W,∂V (2); Λ) ∼= Hj(V, ∂V ; Λ) (Lemma 4)
∼= Hj(Ṽ , ∂Ṽ ; Z)
∼= H4−j

c (Ṽ ; Z) (duality)

= 0 (Lemma 2).

From the homology sequence of the pair (W,∂V (2)), we can infer that Hj(W ; Λ) =
0. So (i) is proved.

Next, from the cohomology exact sequence of the pair (W,∂V (2)) we can infer that
H3(W ;B) = 0 since H3(∂V (2);B) = 0 and since H3(W,∂V (2);B) ∼= H3(V, ∂V ;B) ∼=
H∞1 (V ;B) = 0 (by Lemma 4 and the relative version of [3, Lemma 5], respectively).
Therefore (ii) is proved.

Lemma 6. W satisfies condition NF2; i.e., H2(W ; Λ) is a finitely generated Λ-

module.

Proof: Since the sequence

. . . −→ H2(∂V (2); Λ) −→ H2(W ; Λ) −→ H2(W,∂V (2); Λ) −→ · · ·

is exact and Λ is Noetherian, we need only prove that H2(W,∂V (2); Λ) is finitely
generated [9, Lemma 1.5]. From the exact sequence

H2(W,∂V (1); Λ) −→ H2(W,∂V (2); Λ) −→ H1(∂V (2), ∂V (1); Λ) = 0
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of the triple (W,∂V (2), ∂V (1)), we see that we will only need to prove that the
Λ-module H2(W,∂V (1); Λ) is finitely generated.

Now let i : ∂V (1) → W be the inclusion map. Since i∗ : π1(∂V (1)) → π1(W ) ∼=
π1(V ) is onto (by (3)) and W satisfies the condition D2 (by Lemma 5), it follows
from the proof of Lemma 2.1 of [9] that H2(W,∂V (1); Λ) is a projective Λ-module.
Suppose, on the contrary, that H2(W,∂V (1); Λ) is not a finitely generated Λ-module.
Then it will be a free Λ-module by [7, Theorem 2.3] since π1(ε) is cyclic. Conse-
quently, the abelianization π2(i)ab ∼= H2(W,∂V (1); Λ) of the homotopy group π2(i)
is a free Λ-module. (Refer to [5, p. 222] for notation and terminology.) It fol-
lows from Theorem 4.3 of [5] that W has the homotopy type of an almost finite
2-complex X; i.e., X is the wedge of a finite complex Y (containing ∂V (1)) and
infinitely many copies of the 2-sphere. Consequently, H2(X,Y ; Z) is free and of
infinite rank and it follows from the exact sequence of the triple (X,Y, ∂V (1)) that
H2(W,∂V (1); Z) ∼= H2(X, ∂V (1); Z) is of infinite rank. Finally, the exact sequence
of the triple (W,∂V (2), ∂V (1))

H2(∂V (2), ∂V (1); Z) −→ H2(W,∂V (1); Z)

−→ H2(W,∂V (2); Z) −→ H1(∂V (2), ∂V (1); Z) = 0

will imply that H2(W,∂V (2); Z) is of infinite rank. Thus Lemma 4 implies that
H2(V, ∂V ; Z) ∼= H2(W,∂V (2); Z) is of infinite rank. This contradicts Lemma 3.
Hence H2(W,∂V (1); Λ) is a finitely generated Λ-module and so is H2(W ; Λ).

Remark: In case π1(ε) ∼= Z we can use Lemma 5 (ii) and the proof of [2, Lemma 5]
to show that H2(W ; Z) is a projective Λ-module.

2. Infinite cyclic π1(ε)

The proof of Corollary 1 is essentially the same as the proof of [3, Theorem
1], but for the sake of completeness we provide an outline. We first note that,
since K̃0(Z[π1(ε)]) = 0, the end of M − Σ has a weak collar U by [2, Theorem
11.9B] (see [3, Lemma 8]). A weak collar is a closed manifold neighborhood U

of the end which homotopically looks like a collar. In particular, π1(U) ∼= Z and
ker[π1(∂U) → π1(U)] is perfect. Second, it follows from 4-dimensional surgery
theory [2, §11.6] that there is a compact 4-manifold V such that ∂V ∼= ∂U and V

has the homotopy type of S1 (see [3, Lemma 9]). As before, we use U to denote
U ∪ Σ. Next, U ∪∂ V is homeomorphic to S4 by the Poincaré conjecture (see [3,
Lemma 10]). We have thus succeeded in embedding a neighborhood of Σ in S4, and
we can therefore use the theorems of [3] which apply in case the ambient manifold
is S4. Let W ′ = U ∪ V ⊂ S4. Then π1(W ′) ∼= Z by Van Kampen’s Theorem. By
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[3, Theorem 5′], there is a compact manifold N ⊂ S4 such that

φ : S2 ×B2
∼=−→ N,Σ = S4 −W ′ ⊂ intN, and N ∩W ′ = N − Σ ∼= ∂N × [0, 1).

Pushing along the radial structure of ∂N × [0, 1), we can assume that N ⊂ U ⊂M

and define K = φ(S2 × {0}) ⊂ N ⊂M . The proof of the Corollary is complete.

3. Finite cyclic π1(ε)

A Swan space for a group G is a space with the homotopy type of a CW-complex,
fundamental group G, and universal cover of the homotopy type of some sphere Sk

(refer to [2, p. 228]). Let Zn denote the cyclic group of order n, n <∞.

Lemma 7. Let Σ be a 2-sphere embedded in the interior of the compact 4-manifold

M and let ε denote the end of M −Σ. If π1(ε) ∼= Zn, then ε has neighborhoods that

are Swan spaces for π1(ε).

Proof: Let E denote the homotopy collar of the end of M − Σ (as defined on p.
214 of [2]). By [2, Theorem 11.9E] there is an open neighborhood U of the end
ε such that U is homeomorphic to the infinite cyclic cover of a compact manifold
N with N homotopy equivalent to E × S1. Thus π1(U) ∼= π1(E) ∼= Zn and U has
two ends. One of the two ends is ε, which is finitely dominated by the Theorem.
But both ends are proper homotopy equivalent to E × [0,∞), so the other end
of U must also be finitely dominated and have fundamental group Zn. Moreover,
since π1(U) is finite, the universal cover Ũ of U also has two finitely dominated
ends, both simply connected. Therefore each end of Ũ has a simply connected weak
collar whose boundary is a homology 3-sphere [2, Theorem 11.9C]. Thus Ũ ∼= S3×R

[1, Corollary 1.3]. In other words, U is a Swan space for π1(ε) ∼= Zn.

Proof of Corollary 2: Let U be an open neighborhood of the end ε. By the
lemma above we may assume that U is a Swan space for π1(ε). The finiteness
obstruction

σ(U) ∈ K̃0(Z[π1(ε)])

is trivial by [8, Corollary 2.4(i)] and so ε has a weak collar [2, Theorem 11.9B].
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