Solutions to PS #27

*x43. = Let f =>"  yixa, and assume f is measurable. We must assume, in addition
to the hypotheses as stated, that y; # y; whenever ¢ # j. (Otherwise the claim is
false! For we could take two nonmeasurable sets A and B whose union AU B is
measurable, and have x4+ X5 = Xxaus, the latter of which is a measurable function
(see the “<” part below).) We assume, WLOG, that y; < y» < -+ < y,. Then

Ap = {z € X[ [f(z) > Yo} € M,
since f is measurable. Next,
A1 = (A UA) N\ Ay = {2 (@) > ypo} \ {2 | f(2) > ypa} € M,

since the two sets being subtracted are measurable, and 971 is a ring. Proceeding
like this through A,, lastly we get

Ay = X\(CJA]-) € M.

7j=2
<: We assume that each A; € 9. Then
g, ifa>1,
Xgil((a, x]) = Ay if0<ac<l,
X, ifa<0.

Thus, Va € R, {x € X |a < xa,(z)} is a measurable set, showing x4, to be a
measurable function. We have shown that constant functions are measurable, so
each y;x 4, is a measurable function by Thm. 11.18, which also may be applied

inductively to guarantee that finite sums

Z YiX A
i=1

are measurable.

11.3 Case: For each z € X, (f,(z)) is a bounded sequence.
Let
g(z) = lim sup f,(x) and h(z) := liminf f,(x).

n—oo n—oo

Since at each x, (f,(r)) is bounded, we get that g(z), h(x) € (—o0,0), Vo € X.
By Thm. 11.17, both g and h are measurable, which means that g — h is measurable



(by Thm. 11.18). (Note: g — h is well-defined V z, since it produces no instances of
(00 — 00).) Now by Thm. S.7, the set on which (f,,) converges is

{zl(g—h)(z) =0} = {x[(g—h)(z) =0} n{z|(g—h)(z) <0},

and is measurable since each of the latter sets is measurable.

General case:

First, we note that the argument for the case above works perfectly well in the general
case so long as {z|g(x) = h(z) = —oo} and {z|g(x) = h(z) = +o0} are empty sets.
To generalize the argument, then, for each n € N we define

hp(x) := max{min{h,n}, —n},

which we know to be measurable for each n by Coro. L.28 and the fact that constant
functions are measurable. Note that each h, is a bounded function (having range in

[—n,n]), so
{zlg(x) = hn(z) = —o0}  and  {x|g(z) = hn(z) = +00}
are empty. Thus, the argument above may be applied to get that the set
{zlg(x) = hn(z) = 0}

is measurable Vn. Now f,(z) converges at x € X if and only if g(x) = h(x) € (—o0, 00),
and this happens if and only if 3N, € N s.t. g(z) = h,(z), Yn > N. Thus,

o] fulw) converges} = |J () {z]g(x) — halz) = 0},

N=1 n>N

a measurable set.



