Solutions to PS #22

*29. = This follows immediately from Exercise x26.

<: Suppose fn(x,) — f(x,) — 0 for every convergent sequence (z,) in X. Suppose
also that f, /4 f uniformly on X. Then Je > 0 such that, for each N € N,
SUp,ex |fu(z) — f(x)| > € for infinitely many n > N. Choose z; € X and an
ny € N such that |f,, (z1) — f(z1)] > €. Next, choose x5 € X and an ny € N
with ng > ny such that |f,,(x2) — f(x2)| > €. Continuing in this fashion, choose
zr € X and an ny, € N with ng > ng_; such that |f,, (zx) — f(zx)| > €. Doing
this for each k& € N, we get a sequence (zy) in X. X is compact, and so there is
a subsequence (zy,) that converges, say, to a limit € X. Now let (y,) be the

following sequence in X: set

yl == y2 = = ynkl = xkl )
Yivne, = Y2iny, = Yy, = Thas
yl+nkj71 = y2+nkj71 = = ynk]. = Ty,

Notice that y, — x, by construction, since z,, — x. But since

o, Wiy ) = F Wi )l = |, () = f )] = €
for each j € N, we have that f,(y,) — f(yn) # 0. ——

*x33. (a) For E C R, a,0 > 0, all members of the set {Z] m(I;)*|m(l;) < éand E C |, [J}
are nonnegative extended reals. Hence ps(E) (the infimum of this set of numbers)
is in [0, 0o].
Since @ is contained in every interval (in particular, intervals such that m(I) is

an arbitrarily small positive number), we have pj(2) = 0.

Suppose A C B C R. Whenever B C Uj I;, it is also the case that A C Uj 1,

and hence

{Zm(fj)a |B | J1; and m(I)) < 5} C {Zm(ma | Ac|JILand m(I;) < 5} ,

which implies p5(A) < pi(B). This is because every lower bound for the set on

the right is automatically a lower bound for the one on the left.



Now let (E;) be a sequence of sets in R. If p5(E;,) = oo for any jo € N, then

1 <U Ej) < ZME(E)

holds trivially. So, let us assume that pj(E;) < oo for every j. Let e > 0. By

definition, for each j there exists a sequence (I;;)72, of intervals in R such that

E; C UIjk and py(E +— > Zm k)"

By definition, then,
* > a * € *
; (U Ej) <> [Zmujw ] < B+ 5| = e+ D uiEy)
Jj=1 J k J J
This inequality holds Ve > 0, so pu} (U;’il Ej) < = > (B
(b) Since ¢ > o, we have that if m(/;) < o, then m(I;) < J. Thus

{Zm( O‘|ECLJ] and m(1;) < } {Zm O‘|ECLJI and m(l;) <6

j
and so pi(E) < ,uO(E). (Every lower bound for the set on the right is automat-
ically a lower bound for the set on the left.) Thus, for fixed E C R, pi(E) is a
monotone decreasing function (in ¢), which means (see Example 11.6) its limit as
d — a™ exists and equals sup {u;(E) |0 > a} for each real number a, including
a = 0.

(c) We have from part (a) that 0 < uj(E) < oo, Vo > 0, which immediately implies
0 < H,(E) < co. Moreover,

H,(2) = lim p5(@) = lim 0 = 0.

6—0t 6—0t
Suppose next that A C B C R. By part (a), pui(A) < pi(B) holds for each § > 0,
and so their limits H,(A) < H,(B).

Finally, let (E;) be a sequence of sets in R. By parts (a) and (b),

13 (UEJ> < ZN?(EJ') < Zﬂa(Ey)

for every 6 > 0. Thus,

o{0e) - ) < T

>0

since the expression in the middle is the least upper bound for the one on the left.



(d)

Let 3 > a > 0. For the sake of clarity, we now include another subscript—uj; ,(E)
instead of pj(E)—to indicate the exponent to which each m(1;) is being raised in
the definition. Now,

Zm( Zm < 67 O‘Zm
J
whenever each m(I;) < 4. So, if &2 C |J; I; and each m(I;) <4, then
#s5(E <Zm ﬂ<5‘”2m

which shows that
o) < 5 (E)
If H,(E) < oo, then pj,(F) is bounded (by H,(E)) as 6 — 0%, while 6°~* — 0.
Hence,
Hg(E) = lim p54(E) = 0.

50+
If 3 > D(E), then there exists an o with D(E) < a < /3 such that H,(F) < oc.
By part (d), then, Hg(E) = 0.
If B < D(E) and Hz(F) < oo, then there exists a € (5, D(F)) with H,(E) = 0,
contradicting the definition of D(FE).

First, we show that if [ = [a,b] C R, then D(/) = 1. To this end, we note that
U k—1)h/n,a+ kh/n], where h:=0b-—a.
So, if a > 1, then

:U’T/na Z( ) _nﬁo as n— 00,

which implies H,(/) = 0. On the other hand, if 0 < a < 1 then for I C {J; I;
with m(1;) <6,

m(1;) 1 1
Snitr = Ltk = gt i) > gtom ()

J

m(I)

>
iy 51—0& b

showing that 5 (1) > m(I)/6'~*. But, since m(I)/6'~* — oo as § — 0, we get
that H,(I) = oo for 0 < a < 1. Thus, D(I) = 1.



Now, note that [0,1] C R C |, [n,n + 1]. Thus, by part (c),

Ho([0,1)) < Ho(R) < Y Ha(ln,n+1]).

But a > 1 implies H,([n,n + 1]) =0, Vn, so Hy(R) = 0. On the other hand, for
0<a<1, H,([0,1]) = oo, and so H,(R) = co. Thus, D(R) = 1.

For the Cantor middle-thirds set C', we recall that for each n, C is contained in
2" intervals of length 37". Thus,

n

i (C) < i(gi) _ (;) |

J=1

If 2 < 3% or, equivalently, if a > log(2)/log(3), then this right-hand side goes
to 0 as n — oo, which shows that H,(C) = 0 for o > log(2)/log(3). Thus,

D(C) < log(2)/log(3).



