Solutions to PS #19

*29. = This follows immediately from Exercise x26.

<: Suppose fn(x,) — f(x,) — 0 for every convergent sequence (z,) in X. Suppose
also that f, /4 f uniformly on X. Then Je > 0 such that, for each N € N,
SUp,ex |fu(z) — f(x)| > € for infinitely many n > N. Choose z; € X and an
ny € N such that |f,, (z1) — f(z1)] > €. Next, choose x5 € X and an ny € N
with ng > ny such that |f,,(x2) — f(x2)| > €. Continuing in this fashion, choose
zr € X and an ny, € N with ng > ng_; such that |f,, (zx) — f(zx)| > €. Doing
this for each k& € N, we get a sequence (zy) in X. X is compact, and so there is
a subsequence (zy,) that converges, say, to a limit € X. Now let (y,) be the

following sequence in X: set

yl == y2 = = ynkl = xkl )
yl-f—’l’l,kl = y2+nk1 — “ e = ynk2 = xk)g s
yl+nkj71 = y2+nkj71 = = ynk]. = Ty,

Notice that y, — x, by construction, since z,, — x. But since

|fnkj(ynkj)_f(ynkj)| = |fnk](xk])_f(xkj)| > €,

for each j € N, we have that f,(y,) — f(yn) # 0. ——



