Solutions to PS #18

*x27. First, we have that | f,,(x)] < a”™ and ) o™ < oo, so the series converges uniformly on R
(to a function we call f) by the Weierstrass M-test. Next, note that ¢ is differentiable
on R\ Z, with ¢'(z) = £1. For each n = 1,2,..., set E, := {m/4"|m € Z}. Then
fn is differentiable at each € R\ E,. Note that each F, is a countable set. The

countable union of countable sets is once again countable, and thus the set

vm ()

n=1

is nonempty (in fact, A is uncountable). Now, fix z € A, and for h # 0 define

flx+h) - fx) fu(x 4 h) = folx)

g(h) = . and gn(h) = h ,
n=1,2,.... Then g(h) = > gn(h). Notice that
a|o(4™(x + h)) — @(4™x a™4" | h " n
) = CLE ) o) o]
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for all h € R\ {0}. But a € (0,1/4) = > (4a)" < o0, and so Y~ gn(h) converges
uniformly on R\ {0}, by the Weierstrass M-test. Thus,

;f;(@ = Z lim g, (1)

= lim (Z gn(h)) (by Theorem 7.11)
n=1

h—0

= limg(h) = f(z).

h—0

*28. We write AU B as the disjoint union

AUB = (A\B)U(ANB)U(B\ A).

Then

P(AUB)+p(ANB) = ¢((A\B)U(ANB)U(B\A))+ ¢(AN B)
= ¢((A\B)U(ANB))+¢(B\A)+¢(ANB) (additivity of ¢)
= ¢o(A)+o((B\A)U(ANDB)) (additivity again)
= ¢(4) +¢(B).



