Solutions to PS #2

x1.

(i) = (ii): Let » > 0. By definition, there is a sequence of distinct points (a,) in E such
that x, — a. So, AN € N s.t. d(x,,a) < r whenever n > N, that is z, €
B(a,r)NE, ¥Yn > N.

(ii) = (iii): Obvious.

(iii) = (i): We must construct a sequence (z,) of distinct points in E converging to a. Let
ro = 1, and choose xy € (B(a,70) \ {a})NE. Next, choose r; = min{27!, d(a,z1)},
and a corresponding x; € (B(a,r1) \ {a}) N E. In similar fashion, having chosen
Zg, ..., Tn_1, we choose z,, € (B(a,r,) \ {a})NE, wherer, := min{2™",d(a, z,,—1)}.
We claim that x,, — a. To see this, let ¢ > 0. By construction, 3N € N s.t. r, <
27" < ¢, ¥n > N. For these n, d(z,,a) < e.

*x2. Let © € (E' )/. We must show that x € E’. By supposition, 3 a sequence of distinct
points (x,) in E’ s.t. x, — x. But, by Theorem M.7,

Jyy € E st d(yr, 1) < 1,
1
Jyo € B\ {y1} s.t. d(ye,z2) < 2

1
yn € E\{y1,y2, -+, Yn—1} 8.t d(Yn, ) < =

By construction, these (y,) form a sequence of distinct points in E, and
1
Ad(Yn,x) < d(Yn,xn) +d(zp,2) < —+d(zp,2) — 0asn — 0.
n

Or, another way to prove FE’ is closed:

Let z € (E'), and let r > 0. By Thm. M.7, it suffices to show that B(z,r)NE is infinite.
To that end, take a sequence (z,,) in E’ s.t. x, — x. Ing € Ns.t. x,, € B(x,r). Since
B(z,r) is open, 3s > 0 s.t. B(xy,,s) C B(z,r). And, since z,, € E', B(zp,,s) N E is
infinite (and hence B(x,r) N E as well).

*3. =: We suppose that every subsequence of (z,) converges with limit z. Since (z,,) is

a subsequence of itself, the result is immediate.



<: Suppose (z,,) converges to a limit =, and let (z,,) be a subsequence. Fix an e > 0.
By definition 3N € Ns.t. n > N = d(z,,z) < e. Take J € N sufficiently large
(in fact, J = N will do) so that n; > N whenever j > J. Then d(x,,,r) < € for
J = J. Since € was arbitrarily chosen, x,;, — x. And, this convergence to x is

irrespective of the particular subsequence of (x,) chosen, so we have the result.

2.6 That E' C E' is clear. We must prove the other inclusion. To do so, let z € E’, and
choose r > 0. We will show that B(x,r) N E is an infinite set. To that end, let (x,,)
be a sequence of distinct points in E with 2, — x. Choose N large enough so that
d(zn,z) < 1r/2. Set € = d(xn,x). Since xy € E', (B(zy,e) N E) C (B(z,r) N E) is
infinite.

Since E’ is closed, (E')’ C E’, which shows that the limit points of £’ are limits points
of E as well. To see that this set inclusion need not hold in the other direction, consider
the set £ :={1/n|n € N} C R. With this £ we have E' = {0} and (£') = @.

2.7 (a) Let n € N.

C: Let # € B,,. By definition, 3 a sequence (z;) in B, s.t. x; — x. If {z; | j € N}
is a finite set, then )y = z for some (in fact, infinitely many) N € N. Since
TN € B, xx is in at least one of Ay, ..., A,, showing = to be in the set on
the right-hand side.
So, let us suppose that {z;|j € N} is an infinite set. By the pigeonhole
principle, some (fixed) A, must contain a subsequence (z;,) of (z;). By the
first problem in this set, z;, — z. So, x € A, = z €., 4.

O: Let z € U7, A;. Then z € A, for some integer 1 < p < n, and 3 a sequence
(x;) in A, C B, s.t. ; — x.

(b) The proof is about the same as the “D” inclusion above. Let z € |JI°, A;. Then
z € A, for some p, and 3 a sequence (z;) in 4, C |, A; s.t. z; — 2. Thus,

Here are a couple counterexamples:

1. For each n € N, take A,, = {1/n}. Then

Ua. = U4
n=1 n=1
111
= {1.= = = ...
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2. For each n € N, take A,, = [1/n,1). Then
U4, = 1),

and

G A, = (0,1],




