
MATH 362: Problem Set #24

?38. Prove Proposition L.16: Let X be a nonempty set, C ⊂ P(X). Then ∃ a smallest

σ-algebra containing C (in the sense that all other σ-algebras containing C contain this

one.

Hint: Consider the collection

A := {L |L is a σ-algebra with C ∈ L} .

Show that A is nonempty. Then let Σ be the intersection over all σ-algebras contained

in A . Show that Σ is a σ-algebra, that it contains C, and that it is contained in every

σ-algebra which contains C.

?39. Prove Proposition L.20: Let A ⊂ Rp. The following are equivalent:

(i) A ∈ M(µ).

(ii) ∀ε > 0, ∃ an open G ⊃ A (G ∈ M(µ), by L.15) such that µ∗(G \ A) < ε.

(iii) ∃ a sequence of open sets (Gn) with A ⊂
⋂

n Gn and µ∗((
⋂

n Gn) \ A) = 0.

(iv) ∀ε > 0, ∃ a closed F ⊂ A (F ∈ M(µ) since M(µ) is a ring) such that µ∗(A\F ) < ε.

(v) ∃ a sequence of closed sets (Fn) with
⋃

n Fn ⊂ A and µ∗(A \ (
⋃

n Fn)) = 0.

Hint: First show that any set whose outer measure is zero must be µ-measurable.


