MATH 335: Numerical Analysis
Problem Set 10, Solutions

3.8.2 We have
3x>  2y+1 3 -7
g = = -1,4) = .
Jex y) |y + 2x X Jel ) [2 —11
3.8.5 For this problem we have
Fi(x,y,z) = 9-x+sin(x+y) cos(x+y)—1 cos(x + y) 0
Fa(x,y,z) = 8y—cos’(z—y)—1 = ] = 0 8 —sin(2(z — y)) sin(2(z—-y))| -
F3(x,y,z) = 12z+sinz-1 0 0 12 + cosz

Employing the book-supplied program newton_sys.m program, we have

octave:103> function y = F(x)

> y(1) =9 - x(1) + sin(x(1)+x(2));

> y(2) = 8%x(2) - (cos(x(3) - x(2)))"2 - 1;

> y(3) = 12*x(3) + sin(x(3)) - 1;

>y =Y; % Use to make y the correct shape
> end

octave: 104> function J = JF(x)
> ] = zeros(3);
> J(1,1) = cos(x(1l) + x(2)) - 1;

> J(1,2) = cos(x(1) + x(2));

> J(2,2) =8 - sin(2*(x(3) - x(2)));
> 13(2,3) = sin(*(x(3) - x(2)));

> J(3,3) = 12 + cos(x(3));

> end

octave: 106> newton_sys(@F, @JF, [0.1; 0.25; 0.08], 10°(-6), 100)
x0 =

0.100000

0.250000

0.030000

Newton’s method converges after 7 iterations to
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9.089109
0.246442
0.076929

So, the approximate solution is (9.089109, 0.246442, 0.076929).

3.8.6 Here

J ' y) =

I, y) = [ 2x Zay]

1 2y —2ay
2(x-1) 2y '

dxy —4ay(x—1) 21 -x) 2x
Thus, it seems the first expression desired is
[%H]_[Li_ 1 [ 2y, —hw1[ X2 +ay: -1 }
Vi1 Yo|  4Xayn —day,(x, — 1) (20— x,)  2x, [[(n =12+ y2-1]"
Expanding and simplifying, we get

Xpe1| 1 2y, + 2x2y,(1 — a)
Yl © Axuy, —day,(x, — 1) 2ay2 + 2x2 = 2x, + 2+ 2x,2(1 —a)|

I’'m not sure my routine is as short as it could be, but here it is:

function soln = specNewton (x0, a, tol, maxIt)
prev_x = x0;
x = [2%x0(2)+2*x0(1) "2*x0(2)*(1-a);
2% (a*x0(2) "2+x0(1) "2-x0(1)+1+x0(1) *x0(2) "2*(1-a))]
/ (4*x0(2)*(x0(1)-a*(x0(1)-1)));
k = 1;
while ((norm(prev_x - x) >= tol) & (k < maxIt))
k++;
prev_x = X;
x = [2*x(2)+2*x(1) "2*x(2)*(1-3a);
2*(a*x(2) "2+x(D) "2-x(D+1+x (1) *x(2) "2*(1-a))]
/ (4Fx2)*(x(D-a*(x(1-1)));
end
soln = x;
if (k >= maxIt)
disp(’Failed to converge to a solution in specified number of iterations’
end
end

PS10—Solutions
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Trying it for a = 1 with initial guess x® = (1,1), and tol = 107%, I get solution
(0.50000, 0.86603).

*16 By definition,

Fi(x + t(y — x)) Fi((x1, ..o x0) 1 — X1, o, Y — X))
g(t) = : = s
Fn(x + t(y - X)) Pn((xlr .. ~/xn) + t(% — X1, Yn — xn))

Thus,
(d/dt) Fi((x1, ..., %) +ty1 — X1, .., Yn — X))
g'(t) = :
(d/dt) Fa((xr, -, 20) + HY1 = X1, Yo = X))
In preparation for the chain rule, let us note that we need a notation for the partial
derivative of F; with respect to its jth argument. Some people write D;F; for this, but
in the problem statement it has been written as JF;/dx;. So, foreach1 <i <n,

d
%Fi((xllﬂ -/xn) + t(]/l _xll"'/y” _xn))

d
= EPi(xl +Hyr —x1), - X+ HYn — X))

OF;
= a_xl(xl +Hyr —x1), o, Xy F HYn — X)) - (Y1 — 1) + -+
JF;
5 (er +Hyr = x1), oo X+ HYn = X)) - (Y — X)
= OF;
= %(X'*'t(y_x))'(yj_xj)
=t
Y1—X1
JF; JF; IF; Yo — X2
= [Ex+Hy-x) FEx+Hy-%) - Fx+Hy-x)|[
yn — Xn

PS10—Solutions
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Thus, putting together the various rows of g’, we have

[(d/dt) Fr((xr, %) + HY1 = X1, Yo = X))

g’(t) = :
|(d/dt) Fu((x1, - .., Xn) + Y1 = X1, Y — X))
(Ex+Hy—x) - Fx+Hy —x)][y-x
[P+ Hy —X) o P+ Hy = X)) | |Yn — X

Jx+Hy —x)(y —x) .

PS10—Solutions



