MATH 333: Partial Differential Equations

Problem Set 7, Final version
Due Date: Mon., Nov. 2, 2009

Read Sections 4.3-4.4, 8.3 of the Olver text.

*17 In this exercise we explore the properties of a complete orthonormal system on
(=00, 00) called the Haar wavelets. Let ¢ be the function (called a scaling function)

o) = {1, if xelo,1),

0, otherwise.

Let ¥(x) = ¢(2x) — ¢(2x — 1). (Some people refer to ¢ as the mother wavelet, but
others appear to give that name to the scaling function.) The Haar wavelets are the
(doubly-subscripted) functions

Vpn(x) = 2"2P(2"x — n), mn=0,+1,+2,....

(a) Sketch graphs (you may do so by hand if you like) for ¢ and ,,,, m, n =0,
+1, +2 (representatives from this range of m, n), and give a piecewise-defined
formula (one that does not explicitly refer to the function ¢) for . Deduce that

2m2,if 27 < x < (n+1/2)27™,
Yun(x) = 3 =22, if (n+1/2)27" <x<(n+1)2™,
0, otherwise.
(b) Prove that the v,,, are mutually orthogonal and that they are normalized (i.e.,

that [[{uulli2ry = 1 for each m, n). Note that the word orthonormal means
orthogonal + normal. Hint: First convince yourself that, for m > k,

gnn(x)/ if m=k, n=¢,
22 (x), i m>k on=2mK A0 2m L (0+1/2)-2m k-1,

224, (x), if m>k, n=2H.omk 203 omok L (p41).2mk -1,

V() Ppe(x) =

0, otherwise.

(c) The completeness of the Haar wavelets means that every f € L*(R) has a
generalized Fourier series expansion

flx) = i i Con Wi (%)

Find a formula (integral form, but simplified as much as possible) for the
coefficients c,,,.
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{x18} {Optional exercise, but suggested particularly for those interested in Schrédinger’s
equation}
Hermite functions. Consider the differential equation

-y’ +x*y = Ey, x€R, E = constant,
and the functions

2 dl’l 2
H,(x) = (- 1)”" _", n=0,1,2,....

(a) Find H,(x), forn =0,1,...,4. Why is H,(x) always a polynomial (known as an
Hermite polynomial)?
(b) Verify that v,(x) = H,(x)e™*/? is a solution of the differential equation when

E = 2n + 1. Hint: First, note that

dn+1 2 d" 2
dx””(e ) = dxn(—?_xe )

n n—1
207+ ([ 20 g

dk dn—k
{terms of form —( 2x) -, where k > 2}

n dn—l 2
@) 2™,

and use this to show Hj, = 2nH,,_;.

= -2

(c) Show that f_ O:O 0,0y dx = 0, m # n, and thus the v, are orthogonal on the interval
(=00, 00). Hint: Use the fact that both v, and v,, satisfy the differential equation
for appropriate E to show that v},v, — v;/v,, = 2(n — m)v,,v,.

(d) If a function f(x) can be represented by f(x) = Y.~ ¢,vs(x), how would you
expect to find the c,? Assume uniform convergence. Take f(x) =1/ V1 + x* and
use software to find ¢,,, n =0, ... 4.

*19 Suppose A = {¢1,¢,...} is an orthogonal collection of functions in L*(a,b). An
important result known as Bessel’s Inequality states that, for any f € L*(a,b), we
have

IFI5 = Z‘ ” ]”2‘ . (1)

Note that the sum on the right-hand side is finite or infinite depending on the number
of functions ¢; found in S. Consider the series solution

- 224792 i . . f
u(t,x) = che_”nt/f Sin(n_gx) . with ¢, = (f,sin(nm - /€))

Isin(nm - /Ol 7

n=1
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of the heat problem with Dirichlet BCs

BCs: u(t,0) =0 =u(t,?),

= Uxx, 0 <€, t>0, biect t
U =1u <x subject to {IC: 4(0,7) = £(1)

In this problem we investigate the error incurred by truncating the series solution.

(a)

(b)

(©)

Give a geometric explanation of why Bessel’s Inequality (1) should be true.
Hint: Consider the subspace S of L*(a, b) spanned by the collection A. Write
out an expression for ||v||§, where v = projgf.

Suppose N is a fixed positive integer and we define

N

X
Tn(t, x) = c,e e sin(T) ,

n=1

and a remainder
= nmx
Ry(t, x) := u(t,x) — Tn(t,x) = Z cne_”zﬂzt/"2 sin(—) ,
¢
n=N+1
so that u(t,x) = Tn(t, x) + Ry(t, x) is the sum of the series truncated at the Nth
term and this remainder. At any fixed t > 0, the square of the 2-norm of Ry is

defined to be
2

224702 . nrt-
Z c,e sm(—)
A
2

n=N+1

(5 certsn(ZE), 3, ceriean(7)

n=N+1 k=N+1

IR (t, -)II5

Employ the orthogonality of the functions {sin(n7 - /£)}*, in L*(0, £) to simplify

this expression for |[Ry(t, -)I3

fort >ty >0,

, and then use Bessel’s inequality to conclude that,

_ 2.2 2
IRN(E M2 < e MFDTRE £,

Now take £ = 7 and
0, 0<x<m/2,
- |

1, n/2<x<m.

If we want the 2-norm of the remainder ||[Ry(t, -)|l2 < 0.01 for all t > 0.1, use your
estimate from part (b) to determine a sufficiently large N. That is, determine
N so that the truncated series Tn(t, x) approximates u(t, x) this accurately (in
2-norm) whenever t > 0.1. For this N, produce plots on [0, ] for f(x), Tn(0, x),
Tn(0.1,%) and Tx(0.2, %).
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