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Chapter 4

Set Theory

As a branch of mathematics, set theory is less than one hun-
dred years old, yet it occupies a unique and critical position.
Set-theoretic principles and methods pervade mathematics. Set-
theoretic results have shaken the worlds of analysis, algebra, and
topology. Simple questions about sets have split the mathemati-
cal community into hostile camps, and the romance of its infinite
sets have charmed and challenged philosophers as nothing else in
mathematics.

JIM HENLE

Set theory and set-theoretic notation were born out of the nineteenth
century struggle in mathematics to give a clear account of the real number
system. In this chapter we will investigate an axiom system known as ZF
(for Zermelo-Fraenkel).

An investigation of set theory begins by asking the question: What is a
set? In school you were probably taught that a set is a collection of objects.
While this intuition is important, this approach won’t get us very far toward
our goal of a rigorous foundation for set theory. It is not very precise. (After
all, what is a collection? For that matter, what is an object?) Furthermore,
this description makes the (for us) unnecessary distinction between sets and
objects.

Instead, we will take the approach of stipulating how sets behave. The
fundamental property of any set has to do with what “objects” are “in” it.
So it seems natural that our language will need to have some way of talking
about membership of one set in another set (our objects will all be sets
themselves). Let £ = {€} be the language with one binary predicate (the
intended meaning of which is to indicate membership of one set in another).
It turns out that this simple language will suffice to express axioms rich
enough to do an amazing amount mathematics not only about sets but also
about many other familiar mathematical objects, like numbers, functions,
etc.
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4.1 Naive Set Theory

Our first attempt at specifying how sets behave, naive set theory had a
certain elegance about it. It was based on only two fundamental principals
(the axiom of extension and the axiom scheme of comprehension), both of
which seemed intuitively obvious, or at least reasonable assumptions based
on the way we naively think about sets.

Our study of naive set theory revealed two things:

1. Naive set theory seemed to be useful for doing mathematics.

We were able to define many useful mathematical objects like intersec-
tions, unions, ordered pairs, functions, relations, etc. and prove things
about them.

2. Naive set theory is inconsistent.

We used a form of Russel’s paradox to show that naive set theory was
able to prove the sentence

Vz(P(z) € =)
is both true and false.

We would like to remedy this by revising our axioms in such a way that
the resulting theory of sets is still useful for doing mathematics, but no
longer able to prove contradictory statements.

4.2 A Second Attempt at Set Thoery

We won’t actually quite succeed in meeting the goals listed above. In fact, it
is inherently impossible to do so. But we will come close. We will introduce a
new set of axioms called ZF that will not longer be susceptible to the Russell
attack on its consistency. Unfortunately, we won’t know with certainty that
there is not some other inconsistency that no one has yet detected.

We also won’t take time to fully develop “all of mathematics” in ZF,
but we will give some indication that this might be possible by doing the
following:

e We will show that ZF - Con(PA).

That is, assuming the axioms of Zermelo-Fraenkel set theory, we can
build a model for the axioms of Peano Arithmetic. Although we will
not do it here, a similar thing can be done to construct models for the
integers, the rationals and the reals. In fact, one can attempt in this
way to “do all of ordinary mathematics” (like calculus) and see how
much truth there is to the slogan “All mathematics is set theory.”
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e We will do some infinite arithmetic.

Actually there are two types of infinite arithmetic, ordinal and car-
dinal. Hopefully, we will have a chance to talk a little about each
one.

But before we can make progress on these goals, we need to take a closer
look at the axioms of ZF.

4.3 The Axioms of ZF

Our first axiom will formalize our statement that a set is determined by
what is “in” it. It is identical to the Axiom of Extensionality from naive set
theory.

Axiom (Extensionality): Membership determines the set.
VaVb[Vz [z € a <> z € b] <> a = D).

In particular, this says that it doesn’t matter how we describe a set, how we
denote a set, or how we construct a set, only what ends up belonging to the
set (as determined by the relation €). Same members, same set. Different
members, different sets.

Our second axiom provides us with our first example of a set.

Axiom (Empty Set): There is a set with no members.
JaVr z & a

Notice that since we won’t have the powerful comprehension scheme of
naive set theory, we need to have a separate axiom to build this set. (How
could one show that it does not follow from extensionality alone that there
is an empty set? Must there be a set at all?)

Also notice that we have introduced an abbreviation here. Whenever
we use the “phrase” y ¢ z, officially we mean —y € xz. In fact, we will
use many abbreviations in our study of set theory. This will make our
expressions much easier to read and understand. But in principal, every
such statement with abbreviations could be written down as a first order
wif in the language £ = {€}. In fact, for any relation defined by a formula
¢, we will allow ourselves the convenience of introducing an abbreviation.

Ezamples.

1. The binary relation a C b is defined by the wif (with 2 free variables)
o(a,b) =Vz [z €a— x € b

2. The 3-ary relation ¢ = aNb is defined by the wif (with 3 free variables)
ola,b,c) =Vr [z €c+ [z €anz €.
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This example deserves a bit more discussion. Typically, we think of
intersection (N) as being an operation that builds a new set from two
sets, rather than as a relation among three sets. Once we have shown
that for any a and b there is a set ¢ such that ¢ = a N b (this will
require some more axioms) and that it must be unique (that much we
can already do from Extensionality), then we will be free to treat N
as a operator (or function) in this way. But officially, when we make
some claim ¥(a N b) we really mean

dele=anbA¥(c)],
which is of course just an abbreviation for
eV [z €cor[z€anz eb]AT(c)] .

You can begin to see why abbreviations are going to be necessary to
do anything complicated.

3. a = () is an abbreviation for Vz z € a, so the Axiom of Extensionality
can be rewritten as

Jaa=0.

Ezercise 4.1. Write down a wif that defines each of the following relations:
c=aUb;c={a,b};c=a\b! <4

Ezercise 4.2. There is another kind of abbreviation that will be useful to
us. Write wifs that are abbreviated by dx € a ¢, Vz € a ¢, Ilz ¢, and
Alz € a ¢. (Jz is intended to mean ‘there is a unique x such that’). N

We can’t do much with just these first two axioms. In fact,

Ezercise 4.8. Show that there is a model for Extensionality and Empty Set
that has only one element in its universe. <

What we need is some way to generate more sets. The next few axioms
of ZF will provide us with ways to build new sets from old sets. We know
from the paradoxes we have already discussed that we will need to be at
least a little bit careful as we do this. In general, the guiding principal is
not to allow sets that are “too big” (like the set of all sets or some other
“bad” thing). The four most important of these “set-building axioms” are

Yo\ b is the set of all elements of a that are not elements of b. In set theory, we often
use the symbol \ instead of the usual subtraction symbol since everything is a set and we
want to distinguish between, for example, 5 — 3 (which equals 2) and 5\ 3 (which equals

{3,4}).
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Axiom (Pairing): If a and b are sets, so is {a, b}.

VaVb3cVz [z € c > [z =aV z = b

Axiom (Union): Ifa is a set, then Ua is a set.

Va3cVz [z € ¢ <> Tbb € a Az € D]

Axiom (Powerset): If a is a set, so is the set of all subsets of a.

Va3dbVz [z € b > z C q]

Axiom (Separation): If ais a set and ¢ is a wif, then {z € a | p(z)} is
a set.

VadtVz [z € b > [z € a A p()]]

Ezercise 4.4. We used an abbreviation (C) in the Powerset Axiom. Rewrite
that axiom as an L£-wff without any abbreviations. <

The Pairing and Powerset Axioms are fairly straightforward. The Union
Axiom deserves a little explanation. By Ua we mean the set Ua = {z |
3b (b € a Az € b)}. In this notation, the more familiar A U B is U{A, B}
Since by Pairing, {4, B} is a set if A and B are sets, we see that ZF allows
us to construct A U B whenever A and B are sets.

The Separation Axiom is really an axiom scheme. By this we mean that
it is a description of countably many axioms, one for each possible wif .2
Separation allows us to form “definable” subsets. That is, we can select
out from any set all of the members of that set which satisfy some property
that can be expressed with a wff. This is weaker than saying that any
subset can be formed, since there may be subsets that cannot be defined
in this manner. For doing everyday mathematics, however, this is usually
sufficient, since usually it is not difficult to express the kinds of subsets we
need in this manner. And Separation is much weaker than Comprehension,
which allowed us to make any definable set, even if it wasn’t a subset of
some other set. This is the sense in which have tried to avoid sets that are
“too large”.

*We have been a bit imprecise about what kind of wff ¢ may be. Clearly ¢ will usually
have z free. It may also have a free, but ¢ should not appear free in ¢. Also, ¢ may
have additional free variables, in which case we need to preface the axiom with universal
quantifiers over all the additional variables — what we have denoted as VZ in the past. This
is called the universal closure of a wif with free variables. The separation scheme actually
includes all universal closures of the wifs just described, but we will suppress the listing
of the free variables and their universal quantifiers to keep the notation managable.
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Note that once we have Separation, then weaker versions of the Pairing,
Union, and Powerset Axioms suffice:

VzVy3z [x € z Ny € 2]

VzdVyVu [y € z Au € y] = u € 2]

VzIyVu [u C z — u € 2]

If one’s goal is to study models of set theory, then these weaker versions
are somewhat easier to establish for a given model. If we are only interested
in consequences of ZF, then it doesn’t matter which version we assume, since
the stronger versions follow from the weaker versions and Separation.

The Empty Set Axiom is also unnecessary provided we know that there
is some set (like the one guaranteed by the Infinity Axiom discussed below),
since we can now define the empty set as

{realz#z}

for any set a.

The remaining axioms of ZF are Infinity, Regularity, and Replacement.
The Infinity Axiom is like the Empty Set Axiom in that it guarantees the
existence of one particular set, rather than giving a general way for building
new sets from old.

Axiom (Infinity): There is an infinite set.
Ja[d€eanVe[ze€a—zU{z} € da]]

Without this axiom, it is possible to have a model in which every set is finite
(although the model itself must be infinite).

Ezercise 4.5. Show that any model of ZF — Inf, the axioms of ZF without
the Infinity Axiom, must be infinite. Hint: How large is a powerset? Show
that there must be sets of infinitely many different sizes. N

With this axiom, there must be a set that contains 0, ) U {0} = {0}, {0} U
{{0}} = {0,{0}}, ... This axiom will be important in our definition of a
model for PA, and in fact, we will interpret the successor function of PA
using S(z) =z U {z}.

Axiom (Regularity):
ValaZO0—3bbeanbna=0]

The Axiom of Regularity is less intuitive than some of the others, and in
fact, much can be done without it, but is useful to avoid certain pathological
sets and relationships between sets. ZF~ is sometimes used to denote ZF
with the Regularity Axiom deleted.
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Lemma 4.3.1 There is no set a such that a € a.

Proof. First note that {a} exists since it is the same as {a, a}, which exists
by Pairing. Now apply Regularity to {a}. Since {a} is non-empty and a is
the only element in {a}, it must be that a N {a} = 0. Since clearly a € {a},
this means that a ¢ a, else the intersection would be non-empty. O

Exzercise 4.6. Show that if a € b, then b ¢ a. Hint: Apply Regularity to
{a,b}. <4

We will defer discussion of Replacement until we need it.

4.4 The axioms of PA

Peano Arithmetic is an axiomitization of basic arithmetic on the natural
numbers (non-negative integers). Peano Arithmetic works in the language
L =1{0,1,S,+, x}, where 0 and 1 are constants, S is a unary function, and
+ and X are binary functions. S stands for successor, and the intended
meaning is that S(z) should be the “next” natural number after z. The
goal in choosing these axioms is to choose statements that are “obviously
true” about arithmetic on natural numbers, powerful enough to form the
basis of our reasoning about and with the natural numbers, yet as simple
and few as possible. Over time, the axioms proposed by Guiseppe Peano,
an Italian mathematician, have become the standard choice.

Peano Arithmetic has seven regular axioms and one axiom scheme. The
axiom scheme is intended to capture how induction works.

—

. Vavy [S(z) = S(y) = = =]

2. Vz [S(z) # 0]

3. 5(0) =1

4. Vz [z 40 = ]

5. VaVy [z + S(y) = S(z + y)]

6. Vz [z x 0 = 0]

7. VaVy [z x S(y)) = (z x y) + ]

8. For any wif ¢ with free variable x (and possibly other free variables,
t00), the universal closure of

[p(0) AVz (o(z) = @(S(2))] = Vz ¢(z)

is an axiom. This axiom is called induction on the wif .
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You might have expected some other familiar statements to be in this
list, things like VzVy x4+ y = y + x, and other sentences saying that addition
and multiplication have the usual associative, commutative and distributive
properties. It turns out that all these (and much more) are consequences
of PA, so for simplicity’s sake, we leave them out of the axioms and instead
make them thoerems (statements we prove with the axioms as premises).
Here are two examples. The parenthesized PA before each statement indi-
cates that these are consquences of the Peano axioms.

Theorem 4.4.1 (PA) Vz S(z) =z +1

Proof. Let z be arbitrary (i.e., an arbitrary natural number). By (3) (and
the indiscernibility of identicals), x + 1 = z + S(0). By (5), z + S(0) =
S(z +0). By (4), S(z +0) = S(z). So by transitivity and symmetry of =
(or by several uses of indiscernibility of identicals, if you want to go all the
way back to first principles), S(z) = = + 1. Since x was arbitrary, this is
true for all z. O

Theorem 4.4.1 may leave you wondering why one bothers to introduce S
into the language at all, since everything can be expressed using +. Indeed,
Language, Proof and Logic does not introduce S into the language. (See
page 456 for the axioms there.) Nevertheless, there are reasons to do so.
In particular, there is a subtle distinction between adding 1 (successor) and
adding an arbitrary number. The successor is the foundation on which all
the other addition is built, as you can see from the axioms. Furthermore,
what S(z) is depends in a much more significant way on z than on 1, so it
proper to think of it as a unary operator. This corresponds in some sense
the differene between x+1 and x++ in the C programming language. In any
case, we will need to think carefully about the successor when we build our
model of PA in ZF, so the distinction is a useful one for us.

Theorem 4.4.2 (PA) Vzz+1=1+<z

Proof. 'This proof is more involved, since it requires the use of induction.
Our wif ¢(z) will be the following:

z+1=1+=x

We must show that ¢(0) holds (base case) and that for any z, ¢(z) —
¢(z + 1) (inductive step). (Now that we know that S(z) = z + 1, we will
freely choose which one we use in a particular situation.) We begin showing
the base case, 0+ 1 = 1+ 0. By axiom (3), 0+ 1 = 1. By axiom (4),
1+40=1. So0+1=1+0.

Now we do the inductive step. Let z be any number such that ¢(z). We
must show ¢(z + 1), i.e., that (z + 1) +1 =1+ (z + 1). By the inductive
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hypothesis (¢(z)), we know that z +1 =1+ =z, so

(x+1)4+1 = (14 z)+ 1by inductive hypothesis
= 1+ (z + 1)by axiom (5)

O

The other familar properties of arithmetic follow by similar (but longer)
sorts of proofs. Each one will use induction. This is because Peano’s axiom
scheme gives inductive (or recursive) definitions of addition and multiplica-
tion.

One last note on PA. We have constant symbols for 0 and for 1, but not
for the other natural numbers. If necessary, we can consider 2, 3, etc. to be
abbreviations for S(S(0)), S(S(S(0))), etc. In this way, we are able to talk
about any of our old favorite natural numbers we like even though they do
not have constant symbol names.

4.5 A Model for PA: The Universe

We want to show that in ZF we can construct a model of PA. This will show
us that if ZF is consistent, then so is PA, since it has a model. (Of course,
if ZF is not consistent, then it can prove that there is a model for PAand it
can prove there is no such model.) We take this as evidence of two things:
ZF is useful for doing mathematics, and PA is a reasonable axiom set for
arithmetic.

Let’s call the model we are going to construct M. We are part of the way
there already. We will let 0M be 0, and SM be defined by sM (z) = zU{z}.
But we are getting a little bit ahead of ourselves. We haven’t even said what
the universe of our model is supposed to be. Furthermore, we need to say
something about functions, since S*" is supposed to be a function defined
on the universe. We will deal with the universe in this section and the
functions — including +M and +M as well as SM — in the next section.

We want our universe to be exactly w = {0,5(0),S(S(0)),...}. (In
set theory this set is usually denoted by w rather than N, although it is
essentially the same object.) So we are building the “standard model” of
PA, which until now we have just been assuming existed. All we need to do
is show that ZF implies that the w exists. The Infinity Axiom almost says
this, but we need to combine it with Separation to get just the set we want.

Let ¢(z) be the wif

p(z)=0€zAVz [z €ez—>2U{z} €2].

Then the Infinity Axiom is just 3z ¢(z). For some such z, we use Separation
to build the set

w={ze€z|Vulu=zVuez]—-u=0V3IvS)=ull}.
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The intuition for this definition is that we want to include in w only
those things which are built up from ) using successor. We want to remove
from z any other types of sets. We will say more about how to formalize
S(z) = zU{z} as a function from w to w in the next section. For now, let’s
plow on and show that S has the desired properties.

Lemma 4.5.1 (ZF) The following statements are true about S and w:
1. Vz 0 # S(x);
2. VaVy [S(z) = S(y) —» =z = y);
3. Vz € w S(z) € wy

4- Vi [p(0) AVz [p(z) = (5(x))] = Vo € w p()]].

Ezercise 4.7. Prove Lemma 4.5.1. Hint: For (2) use Exercise 6. For (4)
apply Regularity to X = {z € w | =¢(z)} to show that X must be empty.
N

By Lemma 4.5.1, once we have shown that S is a function on w, our
model M will satisfy axioms 1, 2 and Induction of PA. Statement (4) also
justifies our use of informal induction on w, which we can use to prove the
following useful facts about the way € behaves on w.

Lemma 4.5.2 (ZF) Properties of € on w:

1. ViewVyecew(zey >y ¢zl

2.VzewVylyex =y Czl;

3 VzewVycwezeyzrCy

4. Ve ewVyewVzew[zreyAy€ez -z € 2

5. Ve ewVyewlzr=yVreyVy €zl
Proof. (1): This follows immediately from Exercise 6.

(2): Induct on z. If z is 0, then the statement is vacuously true. If
z = kU{k} and the statement is true for k in place of z, then y € z = kU{k}

implies that either y € k so by inductiony Ck C z,orelsey =k C z.
(3): This is proved by induction on y.

e Base Case: y = 0.

It is vacuously true if y = 0, since there are no x such that z € 0 and
there are no z such that = C 0.
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e Inductive Step: Suppose that y = S(z) = z U {z} for some z and that
rezeorgez.

First, we show that if z € y, then z C y. Since z € y = z U {z}, there
are two cases to consider:
— Case 1: z =2. Inthiscase, z=2C zU {2} =y,s0z C y.
— Case 2: ¢ € 2.
In this case, by the inductive hypothesis, z C z C zU {z} = v.

So in either case z C y.

On the other hand, suppose that z C y = zU{z}. Again there are two
cases to consider.

—xCz
If x C 2z, then either z C z or x = z. If z C 2, then z € z (by the
inductive hypothesis). Either way, z € z U {z} = y.

—z€Ezx

In this case, by the inductive hypothesis, 2 C z. So 2z C =z C
z U {z}, which is a contradiction, since z is missing only one
element from z U {z}. So this case doesn’t happen.

(4): fz €y and y € z, then by (2) z Cy and y C 2z, so = C z, hence by
(2) again, x € z.

(5): First notice that by (3), (5) is equivalent to Vz € w Vy € w [z C
yVy C z]. Now induct on z.

e Base case: If z = 0 the result is obvious since 0 C y for any y.

e Inductive step: z = kU {k}, and for ally € w, y C k, k Cy or y = k.
Let’s look at each case.
—lfyCk,thenyCkCuxz,s0y Cz.
— Ify =k, theny C z.
— If k Cy, then (by (3)) k€y,so{k} Cy,soxz=kU{k} Cuy.

O

Notice that (1), (3) and (4) imply that € is a strict linear order on w.
You may remember that when we introduced PA, we mentioned that one can
define z < y by 3z z + S(z) = y. Of course, once we have defined addition
on w, we could do the same thing here. It turns out that both orders are
the same, that is

VeewVyecw(zey o Izecwaz+ S(z) =y

We will write s < yifz €y, andz <yifxeyVvVe=y.
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4.6 A Model for PA: The Functions

In the last section we postponed the question of what a function is. Now
we need to answer it. So what is a function? Well, in set theory, everything
is a set, so a function must be some sort of set. And sets are determined
by there members, so what we are really asking is what belongs to (the set
representing) a function.

Let’s suppose f : A — B is a function. What set should it be? Typically,
we think of the function f as a rule telling us how to assign to each element
a € A an unique element b € B. In set theory, we will assume that that rule
is expressed as a list (i.e., a set) of all such ordered pairs a and b.

But what is an ordered pair? Once again, it must be some set (everything
is a set). Let’s denote an ordered pair by (a,b). The key property of an
ordered pair is that (a,b) = (c,d) if and only if @ = ¢ and b = d. The
Pairing Axiom lets us build sets like {a, b}, but this set does not distinguish
the order of a and b and is the same as {b,a}. After a little experimenting,
we find that there is a reasonable set to call (a,b) and that the axioms of
ZF imply that this set exists whenever a and b are sets.

Ezercise 4.8. Here is a list of possibilities for (a,b). Only one of them has
the desired properties. Find it and prove that it works. For the others, show
why they fail to work:

{a,b} {a,{b}} {{a},{0}} {{a},{a,b}} {a,b,{a,b}}

N

Now we can define A x B to be the set of all ordered pairs (a,b) where
a€ Aand b€ B.

Ezercise 4.9. Prove that if A and B are sets, then A x B is a set. Hint: Find
a set big enough to contain A x B and then use Separation to get exactly
A x B. You will need the answer to Exercise 8 to do this. N

A function from A to B is now just a set with the following properties:
o fCAXB,

e Vac AJbe B (a,b) € f,

o VaVyVz [[(a,y) € f A (a,2) € f] >y =2z]

Notice that the last two properties can be combined into the following wif
(with abbreviations):

e Yac A3b e B (a,b) € f,

Now we introduce a number of abbreviations for functions. f : A — B is
an abbreviation for “f is a function from A to B” (i.e., for the conjunction
of the three wifs in the definition above); “f is a function” abbreviates
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JA3AB f : A = B; f(z) = y abbreviates (z,y) € f; range(f) = {y |
Az f(z) =y}; and fID = {(z,y) € f | z € D}.

Ezercise 4.10. Write wifs (you may use other abbreviations) that define
“f is one-to-one”, “f is onto B”, and “f is a function from A to B and

g=f". <

These abbreviations will allow us to use our usual notation for functions
when it is convenient to do so. There are times, however, when knowing
that f is really just a set with certain properties is also handy.

The following properties of functions are easy to prove in ZF:

Lemma 4.6.1 (Function Lemma)

1. If f is a function, then range(f) is a set.

2. If f is a function and X C f, then f is a function.

3. If f is a function and D is a set, then f|D is a function.

4. If f : A = B is one-to-one and g = f~!, then g is a one-to-one

function.

Ezercise 4.11. Prove Lemma 4.6.1. Hint: For (2), remember that “f is a
function” means f : A — B for some sets A and B. The trick is to show

that the appropriate sets A and B exist. Use Union and Separation for this.
For (3) and (4), use (2). q

Now we are ready to finish our model M for PA. First let’s deal with
successor:

Lemma 4.6.2 There is a function f : w — w such that for every z € w,
flz) = 5(z).
Proof. Let f ={(z,y) € wx w: S(z) =y}

Note that by Lemma 4.5.1 if we let S$M be the function from the previous
lemma, then axioms 1, 2 and the Induction Scheme of PA are satified by our
model.

Lemma 4.6.3 There are functions o :w X w = w and 1 w X w = w such
that

1. For alln € w, a((n,0)) = n.
2. For all n,k € w, a((n, S(k))) = S(a((n,k))).

3. For all n € w, u((n,0)) = 0.

4. For all n,k € w, u({n, S(k))) = a((u((n, k)),n)).
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MNote that once we have proven the lemma we will let —I—M = «a and
*V = p.

Proof. We will only prove the result for «, the proof for u is similar.

It turns out that this result is trickier then it might first appear. In
fact, we will need to introduce the axiom scheme of Replacement in order to
accomplish it. Here is the basic idea of the proof. Suppose we want to show
that such a set/function a exists. We would like to build it up in stages.
For example, we know how to add when the second addend is 0: m+0 = m.
So let’s let

Ag=(m,n,r) EwXwXw|n=0Am=r.

Ay exists by Separation.
Now we want to let A; be the part of « that tells us what to do when
we add 1:

A1 = (m,S(n),S(r)) EwXxwxw|(m,n,r) € Agp.
And of course, we want to have
Ait1 = Agy = (m, S(n), S(r)) EwXw X w|(m,n,r) € 4; .

Finally we let o = U2 A;. In this way we build up o stage by stage.

So where is the rub? We need to justify the existence of all the A}s and
a = U2, A;. For the latter, we need a set A = {4; | i € w}. Then we can
use the Union Axiom to define @« = UA. (Remember, that is the way we
formalize U2, A;.)

The Axiom of Replacement allows us to build just this sort of set. Notice
the form of this set: for each ¢ € w, we want to put A; into A. That is we
want to replace each ¢ with A;. More generally, Replacement allow us to
build sets of the form

{F(z) |z € A}

where A is a set and F' behaves like a function (for each € A there must
be exactly one F'(z)) but is defined in terms of wffs rather than sets (since
we want to use it to prove the existence of the sets involed).

Why should we allow such an axiom in ZF? The intution is that if we
map each element z of the set A to F'(z), then the resulting collection of all
these images under F' is no larger than A was, and no more complicated, so
it should be a set, too.

Here is the formal axiom (scheme):

Axiom (Replacement): For each wif ¢ with free variables z and 7, we
have the axiom

VaVZ [Vz € a3y o(z,y,Z) — FbVz € a Jy € b P(x,y,2)]
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By combining this with separation, we can change the conlcusion to be
Vy [y €b > P(z,y,7)] .

That is, if we can prove that for each = in some set A there is a unique y
such that ¢(z,y), then we may justify the formation of

{ylre Anop(z,y)}.

As with our axiom schemes of Comprehension and Separation, the 2z’ can be
thought of as allowing paramterization.

Now we have just what we need. We can use Replacement (and Separa-
tion) to define the Als.

By Extension, each A; will be a unique set, so we can apply Replacement
(and Separation) to build A = 4, | i € w.

Finally, we let a = UA = Ui, A;. O

Putting everything together, we get
Theorem 4.6.4 ZF - Con(PA). That is, assuming the azioms of Zermelo-

Fraenkel set theory, we can show that there is a model for PA, and hence
that PA cannot prove a contradiction. O

Note that we are implicitly using Soundness and Completeness here to
say that there is such a connection between proof and truth.



