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Kalman Filter Fundamentals and Application to Global Position Systems and Inertial Navigation Systems
Paul Bakker, Student Member IEEE, Student of Calvin College
Abstract—An introduction to some of the errors present in the Global Positioning System are presented.  This introduction shows the need to improve the Global Position System for use in precision navigation.   The basics of inertial navigation are then presented and a comparison between the Global Position System and inertial navigation systems is then stated.  Their different error types and the associated difficulty in combining the two systems are addressed.  The error of the inertial navigation system increases as time progresses while the Global Positioning System’s error is constant.  The fundamentals of Kalman filtering are next presented as a way of integrating the two systems.  Some basic examples show the benefits of the filter.  The first example uses a Kalman filter to decrease the error due to a poor selection of Global Positioning Satellites.  The second example shows the Kalman filter estimating the state of a system from discrete time observations.
Index Terms—Global Positioning System, Inertial Navigation, Kalman Filtering, Navigation, Pseudonoise Coding
I.   Nomenclature

DGPS – Differential Global Positioning System

GPS – Global Positioning System
INS – Inertial Navigation System

PRN – Pseudorandom Noise

II.   Introduction

T
HIS document provides an introduction to the Kalman filter and its application in navigation.  Specifically, this paper discuses how the Kalman filter addresses the need to combine Global Positioning Systems and Inertial Navigation Systems to provide a more accurate solution than one separate system.  Examples of the filter performing on a single navigation systems (instead of multiple navigation systems) are presented to aid in understanding the benefit of the Kalman filter.  
III.   Overview of GPS
“The GPS is part of a satellite-based navigation system developed by the U.S. Department of Defense under its NAVSTAR satellite program” [1].
A.   Satellites and Orbits
In order to have a fully operational GPS, 24 or more satellites are needed [1].  In March of 2000, the U.S. DoD had 28 operational satellites for use in the GPS [1].  These satellites are then placed in six circular orbits each containing four or more satellites [1].  A 55o inclination angle relative to the equator is used and the orbits “are separated from each other by multiples of 60o right ascension” [1].  The orbits have radii of 26,560 km and are approximately circular [1].  The orbits are also nongeostationary and have periods of one-half sidereal day, which is approximately 11.967 hours [1].  These settings enable three or more satellites to be visible from most locations on earth [1].  However, by using four or more of these satellites a user’s position can be determined at any time and at any location on earth [1].
B.   Frequencies of Operation
“Each GPS satellite carries a cesium and/or rubidium atomic clock to provide timing information for the signals transmitted by the satellites” [1].  Each satellite transmits two L-band spread spectrum carrier signals [1].  The first, called L1, has a carrier frequency of 1575.42 MHz [1].  The second, L2, has a carrier frequency of 1227.6 MHz [1].  These frequencies are integral multiples of a base signal with a frequency of 1.023 MHz.  Both signals use binary phase-shift keying (BPSK), but with different modulations [1].  The L1 frequency is modulated by a C/A-code and a P-code, which are pseudorandom noise (PRN) codes [1].  The L2 frequency is only modulated by the P-code [1].  
C.   Pseudorandom Noise Codes (PRN)
The PRN codes allow for users to access multiple GPS satellite signals simultaneously [1].  Each GPS satellite has a unique PRN code for both the P- and C/A-codes [1].  Receivers of the GPS signals know the PRN codes corresponding to each satellite [1].    The P-code, also known as the precision code, is a long code with a chip rate of 10.23 MHz or 10 times the base frequency [1].  The second PRN code, the C/A or coarse acquisition code, is a short code with a chip rate equal to the base frequency [1].  The C/A code is designed to allow for quick satellite signal acquisition [1].  The C/A code for each GPS satellite is 1023 chips in length and repeats then after [1].  
D.   Signal Power Levels

The power level of the L1 C/A-code signal is 478.63 W of effective isotropic radiated power (EIRP) [1].  This power level allows for a receiver that has an unobstructed view of a satellite to obtain a fix [1].  Many have criticized this power level as being insufficient.  During operations in cannons or dense vegetation acquisition of a signal is not possible.
IV.   Limitations of GPS

A.   Selective Availability
The Department of Defense, concerned with the navigational accuracy of non-military receivers, decided to enact a mechanism to intentionally degrade the GPS accuracy.  These errors were specified to “degrade navigation solution accuracy to 100m (2D RMS) horizontally and 156m (RMS) vertically” [1].  
However, on May 1, 2000 the President of the United States issued in a press release that Selective Availability would no longer be enabled.  This decision primarily was determined from a threat assessment conducted prior to the decision.  In this treat assessment it would determined that disabling Selective Availability would have minimal impact on the national security of the United States [1].  Selective Availability may be re-enabled as the military deems necessary, such as in times of war. 
B.   Atmosphere Propagation Errors

The atmosphere, specifically the ionosphere, contributes significantly to the error in GPS signals.  The ionosphere contains gases that are ionized by solar radiation and are about 50 to 1000 km above the surface of the earth [1].  The ionosphere changes the propagation speed of the GPS signal compared to a signal in free space.  This change is also not consistent with time.  Since some of the ionosphere is daily cycled from shade to illumination by the sun, there is variation in the effect of the ionosphere on GPS signals [1].  The more sun the ionosphere receives the greater the affect on the signals.  Therefore the maximum error affect on GPS signals occurs during the late hours of midafternoon [1].  This error accounts for about 1m error at night and 5-15m error in late afternoon [1].
C.   Multipath Errors

Multipath errors occur from objects that can easily reflect GPS signals (like the earth).  This results in a secondary signal path of longer propagation which is superimposed on the direct-path signal [1].  They can significantly distort the amplitude and phase of the desired signal [1].  Most of the error in differential GPS (discussed later) is caused due to this multipath problem.  Differential GPS is not able to correct the error introduced by multipath because these errors are dependent on the local conditions of the receiver.  Multipath errors can introduce range errors of 10m or more and can reduce the ability to calculate more accurate positions based on carrier phase ranging.  
One of the simplest ways to reduce the effect of multipath is to chose an antenna location where signals with not be “bounced back” to the receiver.  Or to reduce the multipath error from the ground one could place the receiver on the ground thereby nearly reducing the delay of the “bounced back” signal.  Another option is to use an antenna designed to reduce the signals reflected from the ground, called a groundplane antenna [1].  
D.   Ephemeris Data Errors

Satellite ephemeris data is calculated from four monitoring stations by the master control station [1].  By looking at the distance calculation in the opposite direction, the master control station can determine the satellites’ orbital parameters [1].  The master control station then uploads this information to the satellites which the satellites then transmit as part of their data message [1].  The errors in calculating the position of satellites accounts for about 1m range error for users [1].   
E.   Clock Errors

The clocks onboard the GPS satellites are highly accurate atomic clocks.  However, due to problems in synchronizing the time between all the clocks, errors occur.  These errors are overcome by allowing the clocks to be different and sending correction signals in the data message [1].  Ground stations calculate a time that is common to all the satellites, called GPS time, and send the necessary corrections to each satellite [1].  Then as the satellite sends its data message to users this time correction is included and the user will have the correct time.  As stated before the clocks are very accurate but they still have some drift.  This drift allows the clock corrections to be valid for about 4-6 hours and the error in GPS time adds about 1m in range inaccuracy [1].
Receiver clocks do not need the long term stability required by the satellite clocks since they are able to update their time from the navigational solution [1].  Receiver clocks do, however, need high accuracy over a short-term period.  Receiver clocks should be as accurate as possible over the time needed to calculate the psuedorange.  
V.   Enhancements to GPS

A.   Differential GPS

“Differential GPS (DGPS) is a technique for reducing the error in GPS-derived positions by using additional data from a reference GPS receiver at a known position” [1].  This is done, most commonly, by transmitting in real time the errors associated with satellite clock errors and navigation message ephemeris [1].  This does not cancel out the errors due to multipath however, as was stated before.

There are three primary forms of DGPS, Local-Area DGPS (LADGPS), Wide-Area DGPS (WADGPS) and Wide Area Augmentation System (WAAS).  

In LADGPS the corrections to the range and carrier phase are sent to the receiver in real time from a reference receiver that is within line of sight.  In WADGPS the user receives corrections from a network of reference stations [1].  These stations are often located over a wide geographical area and send corrections for errors from “satellite clock, ionospheric propagation delay, and ephemeris” [1].  The corrections come to the user’s receiver in real time by means of a geostationary communications satellite or ground-based transmitters.  
The WAAS system was developed primarily by the Federal Aviation Administration to “provide a means for air navigation for all phase of flight in the National Airspace System (NAS) from departure, en route, arrival, and through approach” [1].  It is composed of additional geostationary satellites and ground based reference stations.  The uplink system to the geostationary satellite is a closed loop control system that allows for the downlink signal to be used as an additional ranging source [1].  
The control loop for the system is as follows.  GPS signals are received at various wide-area reference stations and their data are forwarded to wide-area master stations [1].  These master stations process the data to determine the corrections needed for each satellite being monitored.  There are multiple master stations for a coverage area to provide redundancy.  The master stations then send this data to a geostationary uplink subsystem.  The uplink subsystem then combines this data with the navigation messages and sends the signal to the satellites.  The geostationary satellites send this correction data along with the navigational ranging data to the end user [1].  
B.   Improved Clock Accuracy

Since psuedorange is calculated based on the time delay from a satellite, the clock accuracy of the satellite and receiver clocks are important.  The most important clock is the clock in the GPS satellite.  This clock is used in the generation of the psuedocode that is transmitted to receivers.  
VI.   Overview of Inertial Navigation
“Inertial navigation uses gyroscopes and accelerometers to maintain an estimate of the position, velocity, attitude, and attitude rates of the vehicle in or on which the INS is carried” [1].  
A.   Necessary Components

There are two main types of inertial systems, gimbaled and strapdown systems.  “A gimbal is a rigid frame with rotation bearings for isolating the inside of the frame from external rotations about the bearing axes” [1].  The ideal is that the gimbal can isolate the system from the rotations of the vehicle.  However a perfect gimbal is not possible and therefore other means of correcting the rotation must be used.
One such method is a gyroscope.  This gyroscope can be mounted inside the frame of the gimbal and detect a rotation of the frame [1].  These detected rotations can then be corrected in a feedback loop where the some device provides opposite torques to cancel out the rotation.  Four gimbals are required to isolate the system from any rotation of the host vehicle.  If only three are used a situation called gimbal lock can occur where two of the axes become parallel to one another [1].

This type of platform was developed for early INSs.  When these systems were developed, computers were not fast enough to deal with all of the equations of motion [1].  So the stable platform was designed to cancel out the rotations of the vehicle.  
Accelerometers are the primary method for computing the distance, speed and acceleration of the vehicle.  For the acceleration of the vehicle the reading from the accelerometer directly gives this value.  The speed is determined by integrating the acceleration.  The distance is found by integrating the speed or double integrating the acceleration.  
The second type of inertial system is the strapdown system.  Here “the inertial sensor cluster is ‘strapped down’ to the frame of the host vehicle, without using intervening gimbals for rotational isolation” [1].  The computer system must be able to calculate all the equations of motion which has six degrees-of-freedom [1].  

B.   Advantages of INS Compared to GPS

Below are advantages of INS as listed in [1]:

1. It is autonomous and does not rely on any external aids or on visibility conditions.  It can operate in tunnels or underwater as well as anywhere else.

2. It is inherently well suited for integrated navigation, guidance, and control of the host vehicle.  Its IMU measures the derivatives of the variables to be controlled.

3. It is immune to jamming and inherently stealthy.  It neither receives nor emits detectable radiation and requires no external antenna that might be detectable by radar.
C.   Disadvantages of INS Compared to GPS

Below are disadvantage of INS paraphrased from [1]:
1. Mean-squared error is significant as time increases

2. High maintenance, operational and acquisition cost

3. Power requirements are higher than GPS

4. Heat dissipation
VII.   Limitations of Inertial Navigation systems
A.   Alignment and Initialization Errors

The first task for the INS is to either align the gimbals of the system or determine the attitude of the system [1].  The period of time allotted for this process is usually called the initialization time and can take minutes.  Errors that are not corrected by the end of this process will degrade the accuracy of the system and are called alignment errors [1].  “Tilt errors introduce acceleration errors through the miscalculation of gravitational acceleration” [1].  Errors in the initial azimuth affect the system by causing the system trajectory to rotate around a starting point [1].  
B.   Sensor Errors

All sensors have some sort of error that must be modeled if the sensors data is to be accurate.  However many of the sensors used in inertial navigation systems have errors that change over time or between different operating runs.  Thus simple models will be difficult to construct and simple corrections of these errors will not be possible.  The best way to compensate for these types of errors is to integrate the INS with some other navigation system.  Thus the other system can detect the errors associated with the sensors.  The Kalman filter is a good way of correcting the error of sensors after their error has been identified.
C.   Navigation Errors

Navigation errors occur due to the nature of the earth.  Since the earth is not a perfect sphere the center of mass of the earth is not located at the center of the earth.  Accelerations are determined from the gravitational pull of the earth.  Thus if the gravitational pull is not constant over the whole earth some error will occur based on the location of the INS.  Also the altitude of the vehicle will introduce errors for the same reason – gravitational accelerations change based on the distance to the center of mass.  Another cause of error comes from the rotation of the earth but this has less influence than the previously mention error sources [1].
VIII.   Integration of systems

A.   Kalman Filter

    1)   Kalman Filter Overview

“The Kalman Filter is an estimator for what is called the linear-quadratic problem, which is the problem of estimating the instantaneous ‘state’ of a linear dynamic system perturbed by white noise – by using measurements linearly related to the state but corrupted by white noise.  The resulting estimator is statistically optimal with respect to any quadratic function of estimation error” [2].  
The practical applications of Kalman filtering are abundant.  Kalman filtering is a great way to model what a dynamic control system is doing [2].  The Kalman filter allows a user to sample the dynamic system less frequently.  This is very beneficial since it is often not possible or advantageous to sample every component of a system that you want to control [2].   The Kalman filter also allows for the prediction of future events of systems that our out of the control of the designer or modeler [2].  Such examples of these types of systems are the flow of rivers or the price of traded commodities [2].  
Kalman filtering goes beyond what is normally assumed by the term filtering – the idea of separating the components of a mixture [2].  It also represents the idea of solving an inversion problem, where one represents the measurable variables in terms of the variables of primary interest [2].
The mathematical foundation of the Kalman filter is quite extensive.  The filter is based on the theory of probably, the concepts of least squares and least mean squares, and dynamic and stochastic systems [2].  


The Kalman filter is a tool that is most often used for two purposes: to estimate estimators and to perform analysis of estimators [2].  Estimating the state of a system is something that is of great importance in the world.  Almost everything in the entire universe has some sort of dynamic properties.  Therefore it is very important to be able to model and predict these properties.  But as mentioned before, it is often very difficult to measure the dynamics of a system.  There may be too many parameters to measure or the measuring equipment may not be precise enough or have too much noise associated with its measurements to give good data.  The Kalman filter can reduce the effect of these problems by using probability [2].  
The second most common purpose of using the Kalman filter is analyze the performance of estimation systems [2].  The goal of this process is to determine how to best use the available sensors in regards to some set of design criteria [2].  Also the Kalman filter can be used to assess the performance based on certain design parameters such as (from [2]):
· The types of sensors to be used

· The locations and orientations of the various sensor types with respect to the system to be estimated

· The allowable noise characteristics of the sensors

· The prefiltering methods for smoothing sensor noise

· The data sampling rates for the various sensor types

· The level of model simplification to reduce implementation requirements

    2)   Fundamental Equations
As stated before, the main concept of the Kalman filter can be described as follows, “the state of a system is estimated as a weighted sum of a measurement and an extrapolation of the past value of the state” [4].  
The equations and information in the rest of this section come from [5].

The discrete Kalman filter tries to estimate the state of a time controlled process that is described by the linear stochastic difference equation
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The process noise is represented by the random variable wk.  The measurement noise is also represented by a random variable vk.  These variables are assumed to have a normal probability distribution and be independent of each other.  
In equation 1, A is an 
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and relates the control input (optional) to the state x.  In equation 2, matrix H is 
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which relates the state to the measurement.

The discrete Kalman filter can be thought of as a kind of feedback control system.  The filter estimates the state of the system and then measures and corrects its estimation.  This is a cyclical process where one set of equations predicts the state of the system and the other set corrects the predictions.  The time update (prediction) equations are:
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The P variable in the above equations is the estimate error covariance.  These equations predict the state and covariance estimates from the time k-1.  The variable Q is the process noise and may change from one time update to another, but is assumed to be constant for most calculations.

The measurement update (correction) equations are:
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Computation of the Kalman gain, Kk, is the first item of the measurement update.  Then the next equation uses the measurement zk to generate a state estimate.  Finally the last equation calculates the error covariance Pk.

This process of time and measurement updates continues in a cyclical method.  The previous estimates are used to predict the new measurements with corrections from the measurement updates.  This recursive method of the Kalman filter makes implementation much easier than other similar filters.
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Figure 1 - Kalman Filter Operation [5]

    3)   Example simulations
The following example simulation comes from [1].

“This example demonstrates how the Kalman filter converges to its minimum error bound and how well the GPS system performs as a function of the different phasings of the four available satellites” [1].
Table 1 - Satellite Right Ascension and Angular Location


[image: image12.emf]Satellite No.Ω 0 (deg) θ 0 (deg)

1 326 68

2 26 340

3 146 198

4 86 271

5 206 90


The above table lists the satellites and their associated right ascension and angular location.  The satellites are assumed to be at a 55o inclination angle and in a circular orbit.  Also in this example the satellites are modeled as adhering to the orbital period of real GPS satellites, a period of 43,082 s.  The equations for describing the angular phasing of the satellites are given below:
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The equations for the angular rates are given below:
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The first case that is modeled uses satellites 1, 2, 3, and 4 to show the optimum set of satellites. 
Figure 2 shows the geometric dilution of precision (GDOP) for the first set of satellites.  GDOP shows the relative precision of the satellites in view.  The optimal satellite configuration is where three satellites at minimum elevation are spaced equally on the horizon and the fourth is directly overhead [1].  The need for good configuration of satellites is that “position calculations involve range differences, and where the ranges are nearly equal, small relative errors are greatly magnified in the difference” [1].
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Figure 2
For this first set of satellites, the GDOP is very good.  For GDOP a low is ideal because it shows that there is a low amount of dilution of precision.  The GDOP starts off at a value of about 3.32 which indicates a very good distribution of satellites.  Then at time 900 sec the GDOP reaches its minimum and the satellite positions are as good as they can possibly be for this set.  
Figure 3 shows how the satellite selection greatly affects the performance and accuracy of the receiver.  Here a poor choice of satellites is used.  The GDOP for this set has the “chimney” affect where the GDOP has a spike at about time 850 sec.  Navigation during this period would have huge errors and would most likely be unusable.  Thus satellite selection by monitoring the GDOP is a very important parameter for GPS receivers. 
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Figure 3
This next couple figures, Figure 4, Figure 5, and Figure 6, show the effect of the Kalman filter.  Here the blue lines represent the predicted value of the coordinate error and the red dashed lines are the corrected values of the coordinate error.  As was stated in the Kalman filter section, the filter is comprised of two components, the time update or prediction and the measurement update or correction.  These figures show the output of these two components of the filter. 
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Figure 4
From any of these figures the reader can see that the error starts at a relatively high value and then decreases significantly by time 100 sec.  This is due to the nature of the Kalman filter.  As stated previously the Kalman filter estimates the state of the system from all of the previous measurements via a recursive structure.  Thus at the beginning of the simulation the filter does not have much data to base its estimations on and as a result is not able to reduce the error.  But as more time progresses the filter is able to “learn” more about the system it is modeling and make better prediction as to how it will behave in the future.
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Figure 5
All three figures show that the Kalman filter is able to reduce the error significantly.  All three of the coordinate systems have errors of less than 10 m by time 100 sec.  This shows the benefit of the filter in decreasing the error.
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Figure 6
Figure 7, Figure 8, and Figure 9 show the position error for the non-optimal set of satellites.  The position error in the x coordinate system is shown in Figure 7.  This graph looks very similar to the graph for the optimal set of satellites, Figure 4.  Thus it does not appear that the non-optimal satellite set has much effect on the position error in the x direction.  
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Figure 7
In Figure 8, the reader can begin to see the effect of the non-optimal satellite selection.  Here the position error in the y direction is significantly different than that of the optimal satellites.  Instead of the error decreasing to less than 5 m after 100 sec, the graph shows that the error hovers around an error of about 10 m.  
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Figure 8
Figure 9 shows the position error in the z direction.  The additional error due to the non-optimal set of satellites is even more apparent in this graph than in Figure 8.  The error has a similar problem as in the y direction in that the position error hovers around 18 m before going to a more reasonable value of around 5 m.  This shows that initially the non-optimal satellites are in positions that make it much more difficult to accurately estimate the position of the receiver.  Thus the Kalman filter is not able to estimate this position as well as in the optimal set of satellites.  Despite having more error than the previous run, this error is still not enormous and indicates the power of the filter.  Even with very bad data the Kalman filter is able to estimate the state of the system with some degree of accuracy.  The next example shows another good example of the filter on inaccurate data.
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Figure 9
This second example comes from [3].  In this example, modeled in MatLAB, a measurement of a 12V car battery is shown as the red dots called “observations.”  These dots vary do to the random function that is introduced to simulate operation of the vehicle.  The green line represents the true voltage from the battery that would be able to be measured with perfect measuring equipment.  The blue line is the Kalman output from the Kalman filter.  The y-axis is the voltage in volts and the x-axis is time in seconds.  
Figure 10 shows the performance of the Kalman filter for 20 seconds.  Observations are made every half second and the reader can see that their distribution is quite random.  The Kalman filter, through its iterative process, uses these points and previous estimations to try to model the true voltage.  
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Figure 10
The time of the simulation is extended from 20 seconds to 50 seconds in Figure 11.  When compared to Figure 10, it can be seen that the does seem to perform better as the time progresses.  A large part of the accuracy of any filter has to do with the accuracy of the measurements.  Since this example does use random perbutations in the measurement Figure 11 is significantly different than Figure 10.  However it does appear that the Kalman output is more faithfully representing the true voltage as more time elapses.
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Figure 11
    4)   Implementation Issues

The primary difficulty in implementing the Kalman filter is the determination of the models used to represent sensors of the system.  Correct modeling of the system is vital to the performance of the filter.  Therefore a great deal time must be put into obtaining as much information about the errors of each of the sensors.  For many companies, the extra work and time needed to create these models is not worth the extra accuracy.  

For his senior design project, the author will be using GPS and some other type of navigation system to navigate a vehicle.  In order to determine the error of the GPS receiver, the receiver was allowed an open view of the sky and run for two days.  During this time the latitude and longitude of the receiver was logged as well as the various DOPs.  This determination of the steady state error is the first step in creating a model of the receiver.  Next the dynamics of the receiver should be measured to determine the error associated with movement.

B.   Standard Digital Filter

The implementation of a standard digital filter is simpler than the Kalman filter.  A common digital filter is a system that implements the Kalman filter without the ability to change the gain parameters as it is running.  Once again the main benefit of the Kalman filter is that it is able to change parameters to obtain the best estimation of the state of the system it is modeling.  

One method that the author is using as a first cut filter is a double low pass filter for position and heading of the vehicle.  Here a running queue is created for each of the navigation systems.  Each time a position or heading update is received it is placed in the queue.  Then the two navigation solutions are compared and an instantaneous error is produced.  A percentage of this instantaneous error is fed back into one of the queues.  The instantaneous navigational solution is then adjusted from the average of the errors.  
IX.   Conclusion

In conclusion, every navigation system will have some type of error that will have to be address in order to accurately navigate.  The use of multiple types of navigation systems allows for greater precision in the navigation solution by comparing the solutions given by each system.   Comparing these solutions and merging them into one solution can be quite difficult and may degrade the navigation solution.  The use of a Kalman filter can greatly improve the navigation solution by optimally combining the multiple systems.  It does this by estimating the error present in each system and correcting the error in the solution.  Using this “predict and correct” method has been tested and shown through simulations to greatly improve the accuracy of the navigation solution.  The downside of the Kalman filter, however, is the extra time needed to model the system.  This was beyond the scope of the paper, but is addressed in numerous books.
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