EXTREMAL PROPERTIES OF LOGARITHMIC SPIRALS

MICHAEL BOLT

ABSTRACT. Loxodromic arcs are shown to be the maximizers of inversive ar-
clength, which is invariant under Mobius transformations. Previously, these
arcs were known to be extremals. The first result says that at any loxodromic
arc, the inversive arclength functional is concave with respect to a non-trivial
perturbation that fixes the circle elements at the endpoints. The second re-
sult says that among curves with monotone curvature that connect fixed circle
elements, the loxodromic arcs uniquely maximize inversive arclength. These
results prove a conjecture made by Liebmann in 1923.

1. INTRODUCTION

In 1923, Heinrich Liebmann [6] introduced a notion of arclength that is invariant
under Mobius transformations of the complex plane. The quantity is called inver-
sive arclength and depends on three derivatives of the parameterization. Previous
authors knew the corresponding differential invariant, called inversive curvature,
which depends on five derivatives of the parameterization. Taken together, these
notions of arclength and curvature completely determine the inversive differential
geometry of a plane curve. Together, they exemplify Klein’s Erlangen program for
the group SL(2,C), and they have been of ongoing interest during much of the
twentieth century. See [2, 7, 8, 10], for instance.

Before 1923, it was known that the curves with constant inversive curvature are
the logarithmic spirals and their Mébius images, the loxodromes. In his paper,
Liebmann showed that these curves are also the extremals of inversive arclength.
(Another proof of this fact was given by Maeda in [8].) Motivated by analogous
results from affine geometry, Liebmann furthermore conjectured the following.

Conjecture. (Liebmann, 1923) Among curves connecting fized circle elements, the

lozodromic arcs maximize the inversive arclength.

In this paper we prove Liebmann’s conjecture.

In proving the conjecture, we establish two principal intermediate results that
seem not to have been previously known and may be of independent interest. The
first of these, a local result, says that perturbing a loxodromic arc results in an arc
with strictly smaller inversive arclength.

Theorem. At a lozodromic arc, the inversive arclength functional is concave with
respect to any three times differentiable perturbation that fizes the circle elements at
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the endpoints. In particular, loxodromic arcs are strict local mazximizers of inversive
arclength.

Our second basic geometric result is a global one; to provide a natural formula-
tion we will first introduce a pair of invariants for a smooth arc, called respectively
the Kerzman-Stein and Coxeter invariants. In part, the Kerzman-Stein invariant
detects a curve’s isotopy class, viewed inside the extended complex plane. Two
curves are said to agree inversively to second order at the endpoints if their corre-
sponding invariants agree.

Theorem. Consider three times differentiable curves with monotone curvature that
agree inversively to second order at the endpoints. Among them there is exactly one
loxodromic arc, up to Mébius transformation, and this arc uniquely mazximizes the
inversive arclength.

We mention that the analogous result in Euclidean geometry is the familiar fact
that, with respect to arclength, the only extremal path between two points is a
straight line segment, and this path minimizes the arclength. There is also a result
in affine geometry that says that after specializing to convex curves, the parabolic
arcs have constant (zero) affine curvature, and these curves uniquely maximize the
affine arclength among curves that connect fixed line elements. See Blaschke [1,
p.40], for instance.

The paper is structured as follows. In Section 2, we review the basic notions
of inversive differential geometry, we explain the necessity of restricting to curves
with monotone curvature, and we introduce a pair of invariants for a smooth arc.
In Section 3, we give the precise statements of our main results, and in Section 4
and Section 5, we give their proofs. In Section 6, we record two additional facts
that emerge from the proofs in the previous sections.

The author thanks David E. Barrett for many helpful conversations during the
preparation of this paper.

2. PRELIMINARIES

In this section, we provide a brief overview of inversive differential geometry, and
we describe a pair of invariants for a smooth arc.

2.1. Inversive arclength and curvature. In one dimension, inversive geometry
refers to the study of geometric structures that behave invariantly with respect to
the action of the Mobius group

52(2,0) = {u = utz) =

on the complex plane. The group law is given by composition. Of particular

az+b
cz+d

:a,b,e,d e C, ad—bc—l}

interest are the integral and differential invariants of a smooth curve v C C, which
can be described explicitly in terms of their Euclidean counterparts. We briefly
recall the definitions here and refer to Cairns and Sharpe [2] and Patterson [9] for
more extended treatments.
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If Kk = k(s) gives the Euclidean curvature of v as a function of the arclength
parameter, s, then the inversively invariant one-form is d\ = |+’(s)|'/? ds and the
inversive length of v is L(y) = fv dA. At times it will be helpful to use parameter-
izations for curves with respect to the inversive arclength parameter; for instance,
v = v(\) with |dy/d\| = |s'(s)|~'/2. Defining inversive arclength usually requires
that curves are three times differentiable. Moreover, to avoid an ambiguity that
occurs where k' changes sign, it is common to restrict to curves with monotone
curvature. Curves with monotone curvature have the property that their oriented
osculating circles are properly nested. This means that the regions they bound (a
disc, half-plane, or complement of a disc) are nested inside each other. Mobius
transformations therefore preserve curves with decreasing (resp., increasing) curva-
ture. We remark that whether a curve has increasing or decreasing curvature does
not depend on its orientation.

If v is five times differentiable, then its inversive curvature is the fifth order
invariant

4(,4// _ K2l€/)ﬁl _ 5(,4/)2
8(/1/)3

Is =

The curves with constant I5 are the loxodromes, that is, the Mobius images of the
logarithmic spirals. A logarithmic spiral is described most simply using r € R —
e® € C for some a € C, Re(a) # 0 # Im (). Such a spiral intersects circles
centered at the origin in a constant angle.

In general, the value of I5 for a curve at a point corresponds with the angle of
the loxodrome that best approximates the curve at that point. See Maeda [7] for
other geometric interpretations of inversive curvature. Logarithmic spirals have one
finite pole and one pole at infinity. Loxodromes generally have two finite poles, and
for this reason, they are sometimes called logarithmic double spirals.

Finally, we mention that when v has monotone curvature, it can be recovered
up to Mdbius transformation from its intrinsic equation, Is = I5(\). Furthermore,
the inversive curvature is infinite at a vertex, that is, a point of stationary curva-
ture. Circles and lines have everywhere infinite inversive curvature; their inversive
arclength is zero.

2.2. The Kerzman-Stein and Coxeter invariants for a smooth arc. We
here describe a pair of first and second order invariants for a twice differentiable
arc. They are expressed using distance functions on the space of line elements
and circle elements, respectively, though these distance functions are not distances
in the usual sense. We say -y connects circle elements (p, ¢p, kp) and (g, ¢q, kq) if
its endpoints are p and g, its tangent vectors there have angle ¢, and ¢4, and its
curvatures there are k, and k4, respectively. In this notation, the angles ¢, and ¢,
are not unique, rather they are determined only up to a multiple of 27.

For line elements (p, ¢,) and (g, ¢4), the Kerzman-Stein distance is the difference
in angle between the vector exp(i¢,) at p and the vector gotten by reflecting the
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vector exp(igq) at ¢ across the chord connecting p to g. It is given by

(1) 0(p, dp; 4, bq) = arg <g .e—i<¢q+¢>p>>.
q-D

(Kerzman and Stein encountered this angle in their study of the Cauchy kernel;
see [5].) Then, for an arc 7 that connects line elements (p,$,) and (g, ¢,), the
first order invariant § = 6., is defined using the right hand side of (1). We choose
the branch of the argument function that makes 6, (p, ¢’) a continuous function of
¢ € v whose value at ¢’ = p is zero. (The quantity in parentheses on the right
hand side of (1) approaches 1 as ¢ — p.) In this way, the 6 invariant also identifies
a curve’s isotopy class, viewed inside the space of line elements on the extended
plane C=cCu {oo}. Figure 1 shows loxodromic arcs that both connect (0,0) and
(1, —m/4) but with € invariants that differ by 2.

0.2

0.2 0.4 1.0\

-0.2

0.2

FIGURE 1. Loxodromic arcs that connect line elements (0,0) and
(1, —m/4) with @ invariants that differ by 2.

For nonintersecting circles, the Coxeter distance (see [3]) is the quantity § =
cosh™ ’(d2 —r? - r%)/(2r1r2)’ where the circles have radius r; and ro, and the
distance between their centers is d. Correspondingly, for circle elements (p, ¢p, kp)
and (g, @q, Kq), the distance is

ieitr it 21 1

» (p+ P )— (¢ + Hq) 2w
(2) 6(p,q) = cosh T
9
Kp Kq

In particular, for a twice differentiable curve v connecting these two circle elements,
the second order invariant § = ., is defined using the right hand side of (2). It will
not be necessary to simplify this expression for a general curve.
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These distance functions are not distances in the usual sense since neither of
them satisfies a general triangle inequality. Moreover, the Coxeter distance is zero
for circles that are tangent to each other, and the Kerzman-Stein distance is zero
for line elements that are tangent to a common circle. By restricting to curves
with monotone curvature, however, we eliminate these degeneracies. In fact, by
restricting to curves with decreasing curvature we may assume that both invariants
are positive. For an explanation why the 6 invariant is positive, see subsection 6.1.
For the § invariant, it is assumed that one uses the positive value of cosh™* in (2).

3. STATEMENT OF MAIN RESULTS

Liebmann [6] showed that the extremals of inversive arclength are the loxodromic
arcs, subject to perturbations that fix the circle elements at the endpoints. Maeda
also proved this fact in [8, p.256]. We show the loxodromic arcs are, in fact, maxi-
mizers of inversive arclength. Our first result is a local version of this statement.

Theorem 1. At a loxodromic arc, the inversive arclength functional is concave with
respect to any three times differentiable perturbation that fizes the circle elements at
the endpoints. In particular, loxodromic arcs are strict local mazximizers of inversive
arclength.

Our second result is a global version. By considering only curves with decreasing
curvature, we may assume that both of a curve’s invariants are positive. We mention
that the endpoint circle elements only determine a curve’s § invariant up to a
multiple of 27, so by specifying the 6 invariant in Theorem 2, we require that all
curves belong to the same isotopy class.

Theorem 2. Consider three times differentiable curves with decreasing curvature
that connect two fized circle elements and have the same 6 invariant. Among them
there is exactly one loxodromic arc, and this arc uniquely maximizes the inversive
arclength.

A Mbobius transformation can send a point on a curve to the point at infinity,
so it is possible that the extremal arc will pass through the point at infinity. For
this reason, we also present the result in a more naturally inversive setting, without
specific reference to the endpoints.

Theorem 3. Consider three times differentiable curves with monotone curvature
that agree inversively to second order at the endpoints. Among them there is exactly
one loxodromic arc, up to Mdébius transformation, and this arc uniquely mazximizes
the inversive arclength.

In this formulation, two curves are said to agree inversively to second order at the
endpoints if they have the same (6,0) invariants. We also mention that the result
for curves with decreasing curvature immediately extends to curves with increasing
curvature. For instance, under conjugation (z = x+iy — Z = x —iy), curves with
decreasing curvature become curves with increasing curvature; meanwhile, their
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inversive arclength is unchanged. Loxodromes with increasing curvature are also
the Mobius images of logarithmic spirals as defined in Proposition 1, for a < 0.

Following these observations, Theorem 3 follows directly from Theorem 2 and
Lemma 6.

In the final section we provide evidence that suggests these results are optimal.
For instance, when considering only arcs with the same 6 invariant, it is possible
to make the inversive length arbitrarily large or small, even within the family of
loxodromic arcs. For this reason, it is necessary to include both invariants when
formulating the problem.

4. PROOF OF THEOREM 1

We use the variational approach to show that loxodromic arcs are strict local
maximizers of inversive arclength. By using an appropriate Mobius transformation,
we may assume that the loxodromic arc is an arc from a logarithmic spiral. Let
L(z;s,t) denote the inversive length of an arc parameterized by r € [s,t] — z(r).

Proposition 1. Suppose r € [s,t] — 2, = 2(r) = re’@1°87 /(1 + ia) parameterizes
a logarithmic spiral for some a > 0. This is a parameterization by arclength.
Consider three times differentiable functions p : r € [s,t] — p, = p(r) € R which
satisfy

1) ps =pt =0,

i) pl. =p, =0, and

iii) p/pl = s/t,
and set 2P€ = z, +iep,z.. for e € R. So 2P° = 2z, for all r. Then, for each such p,

(3) L(zP;s,t) = L(z;8,t) + € - Ra(p; s,t) + o(€?),

where Ra(p; s, t) < 0. There is equality if and only if p = 0.

Proof of Theorem 1. Theorem 1 follows from Proposition 1 once we show that the
conditions on p are satisfied for any perturbation that fixes the circle elements at
the endpoints. The first two conditions on p say precisely that the perturbation
should fix the line elements at the endpoints. Under these conditions, the last
condition says it should also fix the Coxeter invariant; we omit the details of this
last fact. For Theorem 1, however, it is essential to know that the third condition
depends on nothing beyond the second order information at the endpoints. It
is simpler, then, to verify that it says the perturbation should fix the ratio of
curvatures at the endpoints. For this, let us temporarily assume the conclusion of
Lemma 1. Then, to first order in €, the ratio of curvatures for the perturbed curve
is (a/t + ep))/(a/s + epl). This equals the ratio of curvatures for the unperturbed
curve precisely when p} /p! = (a/t)/(a/s) = s/t. O

Proof of Proposition 1. To simplify the notation we also write ~, = 2£°. Then,

d’}/ . . 7;0/ ap -
S - = z;+zep’rz;+zepr-7-z; = 2z, [1—6( TT —zp;)].
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Suppose that v = u(r) is the arclength parameter for v. Then

dry dvy| dr apr dr
—|l=1=|-—|-— = 1— 2 )2 —
du dr| du \/( “r )+ epr) du’
so that
du 1 apy 5 a’p? 9, 112 1 ap;\ 2 9
T ”2( 25+ ESE 4 A0 ) - 5 (F27) ol
/\2
(4) = 1—6%4—62@—1—0(62),
r 2
and

dr du ! apy o a®p?  (pl)? 2
@ _ (% — e e Pr  \Or) .
du (dr) +€r +€<r2 2 )+0(€)

From now on, we will interpret the equals sign to mean equal only up to terms of
second order in €. Terms of order o(e?) will be counted as zero.

Lemma 1. Neglecting terms of order o(€?) the curvature of v at v, is given by

2 /\2 i / 3,2
1 2
o= 2 e<arfr pi«’) 2 (_ a(py) aprpy  aprpy | a°py >

r 2 7 r r2 r3
Furthermore,
% __a a2p'/r o 2a2pr + ) + €2 3ap;p;/ _ § a(p/T)Q
dr 72 ¢ 72 r3 Pr ¢ 2 72
+2apr'” 3ap,p! n 2ap,p.. n 2a’p,.p. B 3a’p?
r 72 rd rd ré '

Proof. We first express the curvature of v in terms of the r coordinate:

d (dy d (dvy dr\ dr d (dv\ dr d (dr
a(a) %(dr du) du 5(5) du I(@)
"= dw - d7 dr - dw + i ’
du dr du dr

It follows that
L) o (S )
T =

d a*p;  (p)*\]
2 h &l \Pr)
. dr +€ e < r2 2 /]

/2
:9[1+6%+6 (az;r_m )}
r r T 2

/
€ [apl. ap. .,
—= —i

; { r r2 pr}

2
1 /

4= |:€ <apr _ a];,«> —|—€2
) r T

ky =

s|>—A

] 1)
T T

2ap, ap;« apy N

|: r <7° - 7‘2 — DyDr .
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The terms that have the factor of €' are precisely

a apr _1 (ap; apr i //> _'_l (ap; . apr) . a2pr +p//
- (el

roor i r 72 " i r r2 72

and the terms that have the factor of €2 are precisely

a (a@®p}  (p)*\ 1 (ap, ap. AV E I
r o\ r2 2 i r r2 r r r
1 [2a ap. @
+= [—pr( e _ p;) —p’rp'r’]

r r r
a3p% a(p;)2 / ap;« apr un ( 2apr
- 3 T 9. + r - 2 +pr -
r 2r r r r
.| 2ap, ap; apr /o 2apr ap; apr ’on
—H{ r (T r2 rer r r r2 R
_ La(p,)?® | 2app)  apep, | a®p;
2 T r2 r3
as claimed by the lemma. The expression for dk/dr is then easy to check; we skip
the few details. O
Next, the inversively invariant one form can be written
dis |'/? dk dr|® du dk dul?
- = |—+ — e —adr = |— - — T.
du dr du dr dr dr
Lemma 2. Neglecting terms of order o(e?), we have
1
dk dul? Va
.27 = M A 2. A
dr dr r Fe-Ai(r) +e 2(7),
where va ) "
a ap apr TP
A _ V7 _ T _ T
1(r) 2 ( r + r2 a )
and
val of oy 97 1 p\2) 1 P()?
A B M ey Pro _( _ _) = \rJ
2(7) 2 | ¢ r2 + B 4r\"" r a? 4
2/2 37"// 27’/ 7’/// /A1
+ (=3pp + ()* | 3pepy _ 2pep _ pepy” PR |
r r r2 2 2
Proof. Using (4) and Lemma 1, we find that
dk du a 9
%% :—T—2+€'Bl(’f')+€ 'Bg(T),
where . )
— a pr a pT /1
B =" == o
and after simplifying,
adp?

_ 3apppl’ _ 2a(py)® | apep)”  3apep) | 2apopy | a%prp
N r r2 r3 r3 rd

Ba(r) r 72
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Then by writing

dk du a r? r?
L _fh e Cpm-e.IB
dr dr 2 < ‘' i(r) =€ a Q(T))’
we have
dk  dul'? Va e r? r? ré
] F Ry 2 By = B2 ).
dr dr r { 2 a 1(r) +e < 2a 2(r) 8a? 1(r) ﬂ

We have left then to expand and simplify A;(r) = —rBi(r)/(2+/a) and
As(r) = —rBa(r)/(2V/a) — r*Bi(r)? /(8a*?).

We find that
_TBI(T) __r a2p; - a2p7« L) = va _ap'/r + apr Tp'/r//
2y/a  2y/a\ r? r3 P )= r r2 a
and
rBa(r)  13Bi(r)?
2/a 843/2
_ Val v (3apip)  2a(p)? L apep)”  3apipy | 2ap.p,
2 a r r2 r 72 r3
_i_angp; . agpg _ i a2p/r . azpr + 2]
rd ré 4a2 \ r? 73 Pr
_va ’on 2(pl )2 11 3p.p; 2p,p; a2pr/
- 7 |:_3prpr + TT — Prpy + - - r2 - - r2 -
a2p2 a? / Dr\? 1 / 1 r 1\ 2
teE - @( e 7) — (e =P = 355 )
_Vaf e _pr_p’r+z?_?_i( / _&)2 _ 1w
2 r2 3 4 \"T  p a? 4

(g 2007 3 2penl  pep)” o)
DrDr r r 7'2 2 2

as claimed by the lemma.

So far, after neglecting the terms of order o(€?),
¢
L(zP¢;s,t) = / [ﬁ +e-Ay(r) + € Ag(r)} dr.
s LT

Here, fst Va/rdr =/alog(t/s) = L(z;s,t), the inversive length of the unperturbed
logarithmic spiral. Furthermore,

t a t CL/ ap, ,r,///
[ awar=2 [ (_ Py D _%)dr

—a3/? /t d (pr)d I "4
= - \—)ar — —= T T.
2 J, dr\r 2v/a J, Pr
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The first integral in the last expression is zero since ps = p; = 0. The second
integral can be evaluated using integration by parts—

t t
[ =
s

This vanishes, too, since p} /p? = s/t and p,, = p; = 0. It follows that fst Aq(r)dr =
0, and for this reason there are no first order terms on the right hand side of (3).

t
—/ Py dr = (tp} — spl) — (P} — Pl)-
S

S

This also confirms the already known fact that the loxodromic arcs are extremal.

We have yet then to verify that Ro(p;s,t) < 0 with equality precisely when
p = 0. Notice that both

t / 2 t 2
PPy | P Ld (p;
- —dr = —— — (=< |dr =0
/5 r2 +T3 " /S 2 dr (T2> "

t t
3 d
3o dr = _2 8 02 gy =
/S 3p,p, dr / 5 7 Pr)dr =0

since p; = p; = 0 and p), = p} = 0. For the same reason,

t /\2 /! /
2 3p, 2p,p.
/<(pr> Dr Dy p2p>d7"
s r T

r
t / t i t i
d
= / 2— (p_rpr> dr—i—/ Prbr g — / Prbr g
s dr r s T s T
We can then write

R (p;s,t) = /:A2(T)dr: g{/st_“_?(p; _Pryog,

t 3 (12 t /"
r (p'r> PrD; 1 7 ’
_/S e dr + B (prpt + rpypl) dr |.

To further simplify, we use the following.

/tp—rp/rldr = —/tl(p/ —&)2617’
s T s TN

t t
[ v vvtpttar = = [ 2
S S

and

Lemma 3.

and

Proof. For the first integral, we first integrate by parts:

t /1 t t / t /
Prp; Pr 4 1 (Pr  DPr ; (Pr Pr
Trdr = Zpl| - - _)dr = — - _ L) dr

Next, define ¢, = p,./r so that ¢’. = pl./r — p,/r?. Then also p.. = rq. + p,/r =

rq,. + g-. We then have

t P p// t t t
/ —Trrdr = —/ (rq. + q)q.dr = —/ r(q;)2dr—/ qrq.. dr

t q2t
- [rara-%

t
1 o\ 2
:—/ —(p’r—p—) dr.
s s T r
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In the last step we use the fact that g; = ¢ = 0. For the second integral, again
integrate by parts:

ua

t t t
/ pepy - rpppy dr = (pe+rpL) Py | _/ Py (2p; 4 rp)l) dr
S S

t t t
= 0—(pl)? } —/ r(p!)? dr = —/ r(p!)? dr.
The lemma is then proved. (|

It follows that
va GQ/tl % 1 /t 3 2
Ro(p;s,t) = ~— | —— —( ——)d—— "2 d
2(p;5,1) 2 4 Srpr T " 4a25T(pT) "

t
1/, Dr\ 2 1 11\ 2
+/S ( T(pr T) +5rler)” |dr
1
(5) = 337 [—a* - X +a®(—4X +2Y) — Z],

where

t
Z = /r3(plr")2dr.

In (5), the quantity in brackets is quadratic in a2, and has discriminant A =
(—4X +2Y)?—4XZ. We claim that the discriminant is negative when p is nonzero;
evidently it is zero when p = 0. This suffices to prove Proposition 1 for the following
reason. For p fixed, the graph of the quantity in brackets, as a function of a2, opens
downward. If the discriminant is negative, this graph never crosses the horizontal
axis. So the quantity in brackets is negative for all values of a?. As this would be
true except when p = 0, we will have established Proposition 1.

To prove the claim, we introduce new substitutions. Let r = e and dr = e*dpu.
Also, let y = y(u) = p'(e*)e* — p(et). Then

y/ _ p//(eu)ezu and y// _ p///(eu)eSH 4 2p“(€“)62“,

and

;r Pr Y "o_
Pr—"- =5 Pr= g and p

1 /
Ty ek’ '

T 63“

We next use the following two lemmas.
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Lemma 4.

r=t
X = / yre 2t dpu

=s

r=t
vo— [ wreta

=s

r=t
Z = / (y")%e " du

=S

Proof. The first two integrals are immediate:

t r=t r=t
1 2 1 2
X:/ —(p’r—p—) dr:/ —(i) e“du:/ ye M du
s T r r et \et r

=S =S

t r=t 7\ 2 r=t
v= [ rppar= [ wﬂ%)¢W—/ ()22 dp.
S r=s e r=s

For the last integral,

t r=t " N2
_ 3/ 11N\2 _ suf Y — 2y
Z—/Sr(pr)dr—/r_se“(iegu >e”d,u

r=t r=t r=t
= / (y")%e™" du — 4/ y'y"e " dp+ 4/ (y)%e™" dp.

=S r=s r=Ss

and

It then suffices to show that
r=t r=t
/ Yy dp :/ (y)?e™" dp.

=S r=s
Again, integrate by parts:
r=t r=t

+ [ e,

r=s T

= =S

r=t
1
/ y'y'e P dp = 5(?/)26_2“

=S

The boundary terms vanish since
r=t
(y/)2e 2 = ()? — (sp!)* = 0,

r=s
so the lemma is proved. O

r=t 2 N2 -2
= (r°p})"r

T=Ss

Lemma 5.

r=t
2X —-Y = / yy'e M dp

=S

Proof. Starting with the expression for Y from the previous lemma, we integrate
by parts. Then,

r=t r=t
—/ yly" —2y)e " dp

=S

r=t r=t
=— / yy" e du + / 2yy'e " dp,
T T

=S =S

r=t
Y = / (y')’e > du = yy'e
r=Ss
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the boundary terms vanishing since y = rpl. — p, = 0 for r = s,t. Integrating by
parts in the second integral on the right hand side gives

r=t r=t r=t
Y+/ yy'e P dp = yPe +/ 2y%e 2 dy = 2X.
T r

=s r=s =s

In the second step, the boundary terms vanish for the same reason as before, so
the lemma is proved. O

Using these lemmas, we apply the Cauchy-Schwarz inequality to the functions ye™*
and y"’e

r=t r=t
(2X —Y)? < / yle M du / (y'")e Mdy = X - Z.
r=s r=s

From this it follows that A = 4 [(2X —Y)? — XZ] < 0 and we are nearly done.
Cauchy-Schwarz also says there is equality only if one of the following is true:

i)y=0

ii) =0

ili) cye ™ = y"e # for all u; that is, y”” — cy = 0. Here, ¢ # 0 is constant.
In each case, we must show that p = 0.

If y =0, then p,.-r — p, = 0 for all v, so (p./r) = 0 and p, = ¢-r. But
ps =pr = 0,50 p=0. If y =0, then y is linear. But as before, y = 0 for both
r = s,t, so then y = 0. The argument just given implies p = 0.

In the final case, if ¢ is positive, there are no nontrivial solutions for y that vanish

at r = s,t. If c = —\?, there are many solutions
nm
y(w) Sm[log(t/s) (w ogS)}

with A = nn/log(t/s) and n € N. But there remains the restriction on y that says
r=t r=t
=p/ t—pl-s=0

=S

y' (1) - ei

T=Ss

For this to hold, it is necessary that cos(nm)/t — 1/s = 0, which is impossible as
s,t > 0 and s # t. Again, there are no nontrivial solutions, so Proposition 1 is
proved. (I

5. PROOF OF THEOREM 2

To prove Theorem 2, we first determine how the circle elements at the endpoints
of an arc can be normalized with respect to the curve’s invariants (6,6). Then
we show that each pair of invariants (6, §) is obtained exactly once, up to Mdbius
transformation, within the family of loxodromic arcs. Finally, we establish a context
in which the logarithmic spirals are global maximizers of inversive arclength. With
these facts in hand, we are then ready to prove Theorem 2.
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Lemma 6. Using a Mébius transformation, the endpoint circle elements (p, ¢p, Kp)
and (q, ¢q, kq) of a twice differentiable arc v with decreasing curvature can be nor-
malized so that p = 0, ¢, = 0, K, = 1, and ¢ = 1. After the normalization, the
values of ¢q (to a multiple of 2r) and kq are determined by the invariants (6,9).

Proof. To prove the lemma, we exhaust the six degrees of freedom that are available
in SL(2,C). We first use a translation that makes p = 0 and follow that with a
rotation and dilation that makes ¢ = 1. This uses four degrees of freedom, but
we may now assume that v is normalized with p = 0 and ¢ = 1, and we have left
the subgroup of Mobius transformations that fix p = 0 and ¢ = 1. These Mobius
transformations have the form u(z) = d=12/(cz + d) for some 0 # d € C, with
c¢=1/d—d. We claim we can choose 0 # d € C so that ¢, =0 and k, = 1.

Next, pi/(z) = (cz +d)~? and the unit tangent vector of the curve po~y at p =0
is (d/d)exp(igy). After replacing d with d - exp(id,/2) where 0 # d € R, this
tangent vector is 1. So we have also normalized ¢, = 0. We may assume then that
< is normalized with p = 0, ¢, = 0, and ¢ = 1, and we have left the subgroup of
transformations of the form u(z) = d='z/(cz + d) for 0 # d € R, with ¢ = 1/d — d.
Choosing d or —d results in the same Mobius transformation, so without loss of
generality, assume d > 0.

We claim we can choose 0 < d < oo so that x, = 1. At this point, we may
assume that x, > 0 else v could never reach ¢ = 1, rather it would spiral inside
the circle centered at ix, ' with radius |kp[~'. Suppose now that s — ~(s) is a
parameterization by arclength, and r = r(s) is defined so r — po7(r) is also a
parameterization by arclength. Then the curvature of p oy can be expressed by

fy A ()d ()
dr2  ds\dr/)dr  ds\dr)  ds\cys+d ds

. du . du ds . du . 1 dy -’
Z.E Z%ﬂ z.E 2.7(075+d)2£

At p = 0, where already ¢, = 0 (so v = 0, dy/ds = 1, and d*y/ds® = ik,), we

1/2 .
/ makes this curvature

find that the curvature of po+y is d* - k,. Choosing d = K,
equal to 1.

Finally, after the normalization, the values of ¢, and k, can be recovered from
the invariants (6, d) by using (1) and (2). Solving (1) gives ¢4 = —6. Then solving
(2) gives two possibilities for ky, namely k" = 2(£coshd + cos ¢, + sing,). Of

these possibilities, only k, = K, gives an (oriented) circle element (0, ¢, £q) that

q
is properly nested with the circle element (0,0, 1). O

Next we show that each pair of invariants (8, d) is obtained exactly once, up to
Mobius transformation, in the family of loxodromic arcs.

Lemma 7. Each pair of invariants (6,0) with 0,5 > 0 is obtained exactly once, up
to Mébius transformation, within the family of lozodromic arcs. In particular, the
map (a, v) — (0, §) determined below using (6) is both one-to-one and onto.
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Once this is proved, we may conclude from Lemma 6 and Lemma 7 the following
intermediate result.

Proposition 2. Given an arc v with decreasing curvature, there is precisely one
loxodromic arc v* that connects the same circle elements as v and has the same 0
mvariant as -y.

To prove Lemma 7 it suffices to consider arcs of the logarithmic spirals z(u) =
(exp [(1 4 ia)u/v/a] — 1) /(1 + ia) for @ > 0. Then also z'(u) = exp(iuy/a) and
2" (u) = iaexp(—u/+/a) - 2’'(u) where the primed notation indicates differentiation
with respect to arclength. For this spiral, the parameter u is the inversive arclength
parameter and can be related to the arclength parameter s by v = /a log s.

Each such spiral has a one parameter family of symmetries—a point on a log-
arithmic spiral can be taken to any other point on the spiral by an appropriate
translation, rotation, and dilation. We choose one endpoint to be z(0) = 0. After
a Mobius transformation, then, we consider only the arcs of logarithmic spirals

(6) u e [0,0] = z(u) = (exp [(1 +ia)u/Va] — 1) /(1 +ia),
that connect circle elements (0,0, a) and (z(v),vy/a,a exp(—v/+/a)), for a,v > 0.

The Kerzman-Stein invariant for a logarithmic spiral. Here, 6 is exactly
the argument of the vector that is gotten by reflecting the tangent vector z’(v)
across the line segment connecting z(0) = 0 to z(v). We choose the branch of the
argument to be the one that makes 6 into a continuous function starting with 6 =0
at v = 0. Therefore,

) 1 — jq e(I+ia)v/vVa _q )
0(a,v) = arg (ﬂew “) = arg < he LTV

1+ ia e(l—za)v/\/ﬁ -1

1+ ia e(1—ia)v/(2va) _ g—(1—ia)v/(2v/a)
(7) =2-arg ((1 —ia)sinh[(1 +ia)v/(2v/a)]) .

Using the identity sinh(u + iv) = sinh u cosv + i coshu sinv, we have

<1 — g e(1tia)v/(2va) _ e(1+ia)v/(2ﬁ)>
—= a. g

cosh( ) i (M)—asinh( 777) cos(v\f)
f(a,v) = 2tan"!
sinh(5%=) co (l)-FCLCOSh(_\/g) in(v\z/a)
(8) = 2tan! tan( r )~ atenh(zs)
tanh( 3vz) +atan(=)

For fixed a > 0, we choose the branch of tan~—! that makes the right hand side
approach 0 when v approaches 0. Then we extend continuously for v > 0. (]

The Coxeter invariant for a logarithmic spiral The radii of the osculating
circles at the endpoints are reciprocal to the endpoint curvatures—namely, 1/a and
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exp(v/+/a)/a. The centers of these circles are i/a and z(v) + iz'(v) - exp(v/+/a)/a,
and the distance-squared between them is

i e(l+ia)v/Va _ q e v//a 2
— —i¢ -
a 1+1a a

; . 2
i(1 +ia) — a(eTiav/Va _ 1) — (1 + ia)e(tHia)v/Va
a(l +ia)

i — ,L'e(l-i-ia)'u/\/a

a(l +ia)

2
1+ e2/Va —2ev/Va cos(vy/a)

a?(1+a?)
So we get
1 4 e2v/Va _ 2¢v/Va cos(vy/a) 1 e2v/Va
B ) a%(1 + a?) o2 a2
d(a,v) = cosh i
2.2
a a
_ cosh—! (14 e2/Ve — 2¢v/Vacos(vy/a)) — (1 + a?)(1 + e2¥/V9)

2. ev/Va. (14 a2)

—a?(1+e2/Ve)  cos(vy/a)
(14a?)2-ev/Vea 1+a?

a® cosh(v/\/a) + cos(vy/a)

1+a?

= cosh™!

= cosh™*

]
In Figure 2 we show contour plots for the functions 8 = 6(a,v) and § = §(a,v)

50

20

25

FIGURE 2. Contour plots for § = 6(a,v) and § = §(a,v).

which were drawn for the region 0.01 < a,v < 50.
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To prove the injectivity of the map (a,v) — (0,6) it is enough to verify that the
tangent lines to the level curves of 6§ have negative slope, and the tangent lines to
the level curves of § have positive slope. Then each level curve of € intersects each
level curve of § at most once.

For the slope of the line tangent to a level curve of § = d(a,v), we differentiate
implicitly the quantity
a? cosh(v//a) + cos(v\/_)

1+ a?
(It is a minor point that the quantity on the right hand side is positive for a,v > 0.)
Then,

ov _ O(coshd) ov

coshd =

da S—cnst da  O(coshé)
2a cosh(\}’—) - M sinh(%) — 77 -sin(vy/a)
1+a?
~ 2a(a® cosh(\/—) + cos(vy/a)) 1+a?
(14 a?)? a3/2 sinh( =) — Vasin(vy/a)
—4a3/? cosh(\%)+4a3/2cos(v\/—)—i—v(l—i—a )(asmh(\f)—i—sm( vy/a))

2a(1 4 a?)(a smh(ﬁ) — sin(vy/a))
Likewise, for the slope of the line tangent to a level curve of 6 = 8(a,v), we differ-
entiate implicitly the quantity

0  tan[vva/2] — atanhv/(2v/a)] 4 f(a,v) —a-g(a,v)

tan 2 tanh[v/(2v/a)] + atanfvv/a/2]  gla,v) +a- fa,v)’
Then,
Ov ~ 0(tan(0/2)) ov
da h—enst a da " O(tan(6/2))
_ A+ a®)(fag — f90) — (f* + %)
(1 +a?)(fog = f9v)
(1+a%) g7 - sec® (4% sech’ (5%) (a sinh(2) + sin(vy/a))
—sec (”‘f) sech2(2\v/—)(cosh(ia) — cos(vv/a))/2

(14 a?)/(4V/a) - sec? (== )sech2(2:’f)(a smh(%) — sin(vy/a))
4a3/? cosh(ﬁ)—élaz%/2 cos(vy/a)—v(1+a?)(a smh(\/i—)—i—sin(v\/a))
2a(1 4+ a?)(a sinh(%) — sin(vy/a))

Some steps are omitted from the next-to-last computation—they use the hyperbolic

identity as well as the trigonometric and hyperbolic double angle formulae. It so
happens that this slope is exactly opposite the slope that was gotten for 6. The
author first discovered this curious fact using Mathematica.

For the injectivity, we first show that asinh(v/+/a) — sin(vy/a) > 0 for a,v > 0.
For this, substitute y = v//a > 0 and consider f(y) = asinhy — sin(ay) for fixed
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a. Then f(0) =0, and f'(y) = acoshy — acos(ay) > 0 with equality if and only if
y = 0. So then f(y) > 0 for all y > 0, and the assertion is proved.
To prove injectivity, then, it is enough to verify that

4a®/? cosh(v/v/a) — 4a®? cos(vy/a)
(9) —v(1 + a?)(asinh(v/v/a) + sin(vy/a)) < 0

for all a,v > 0.

Proof of inequality (9). After substituting a = z/y and v = ,/yz (so y = v/+/a,
2 = vy/a), and after multiplying by —y®/2/,/z and rearranging terms, inequality (9)
is equivalent to

4yz(cos z — coshy) +y(y* + 2%) sinz + 2(y* + 2?) sinhy > 0
for all y, z > 0. To establish this inequality, we expand the left hand side in a power
series in terms of y. Then,
o0 24

Y
LHS =4yz cosz — 4yz - -
jz::o (2)!

+y(y* + %) sin 2

o 241
Y
+2(y* + 2°) E ZYEER]
= (27 +1)!

=y(4zcosz — 4z + 2% sinz + 2%) + y3 (=22 + sinz + z + 2°/6)
o L 2j Y2 Y2t

y oo
_4yz'z(2j)!+2y2'2(2y—1 Z2g+1

j=2 j=2 2

Clearly the last of the five terms on the right hand side is positive. We show first
that the sum of the 3rd and 4th terms is positive—

v 2 vy —d+ 23 2
_4yz.z( st 3 z( >0
j=2 j=2
To establish (9) it is enough then to verify the inequalities for z > 0:
(10) deosz—4+zsinz+22 > 0
(11) —z+sinz+2%/6 > 0.

To verify (11), let f(z) = —z +sinz + 23/6. Then f/(2) = —1 + cosz + 2?/2 and
f"(z) = —sinz + z. Since f(0) = 0 and f/(0) = 0, and f”(z) > 0 for z > 0 with
equality only for z = 0, we conclude that f(z) > 0 for z > 0. This establishes (11).
To verify (10), let f(2) =4cosz—4+ zsinz+ 22, so f/(z) = —3sinz+ zcos z + 22.
Then both f(0) = 0 and f/(0) = 0, so it is enough to show that f’(z) > 0 for z > 0.
Since | — 3sinz + zcosz| < 3 + z, it follows that f/(z) > 22— (3+2)=2-3>0
for z > 3. We must then check that f’(z) > 0 for 0 < z < 3, and for this we use
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power series—

—3sinz + zcosz + 2z

)JZ2J+1

=-3 Z+Zﬁ + z 1+Z + 2z
— (=1) (—W} i1 S 2 -2 4
= —3 - + - Z]J’_ — _1 ].72 7+
Z}[<w+n! ) 2V
_ o~ [ 4k -2 AR+ 4k LAk+3
| (4k +1)! (4k + 3)!

o 9 Z4k+1
4k 2 4k 34k +2) — 4k - —_—
; 3k +2) — k- T

Here,

(4k — 2)(4k + 3)(4k + 2) — 4k - 22 > (4k — 2)(4k + 3)(4k + 2) — 36k
= 64k + 48k* — 52k — 12> 0

since 0 < z < 3 and k > 1. This establishes (10), and therefore (9) as well. O

What needs to be proved, then, is the surjectivity of (a,v) — (6,6). For this, we
first show that if @ > 0 is fixed, then 6(a, v) increases with v and attains all positive

values. We then restrict to a level curve of #, where we may assume v = v(a), and
we establish both

(12) i (0, o(a)) = +oo
(13) agrfoo d(a,v(a)) =0.

This is enough to establish surjectivity, then Lemma 7 and Proposition 2 will be
proved.
For the first statement, we start with (7) and find

g =arg [(1 —ia) Sinh(%ﬂ
— —tan " 'a + tan~? [

tan(vy/a/2) ]
tanh(v/(2v/a)) |

With a > 0 fixed, we choose the value for tan~!a that is between 0 and /2.
For tan™! [tan(v\/a/2)/ tanh(v/(2y/a))] we then use the value that makes the sum
equal to zero when v = 0, and extend continuously for v > 0. We first show that
v — tan(vy/a/2)/ tanh(v/(24/a)) is an increasing function wherever it is defined.
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For this we make the substitution z = vy/a/2 and compute

d tanx sec? ztanh(z/a) — a~! tan x sech?(z/a)

E tanh(z/a) - tanh2(x/a)
2 h2
- X a:se(; (z/a) [a sinh(x/a) cosh(x/a) — sinx cosx]
atanh®(z/a)
2 h2
- X £CS€C2 (z/a) [a sinh(22/a) — sin 2x].
2a tanh”(z/a)
In the paragraph preceding (9), we showed that the last quantity in brackets is
positive, so then both  — tanz/tanh(z/a) and v — tan(vy/a/2)/ tanh(v/(2+/a))

are increasing. Furthermore, if v is large, then tanh(v/(2/a)) ~ 1, and

6(a,v) vya

5 M tan"' a + tan”! (tan(vy/a/2)) ~ —tan " 'a+ —

The quantity on the right hand side of this estimate can be made arbitrarily large
by taking v large. We have left then to verify the two limits, (12) and (13).

Proof of (12)-(13). Again we use the substitution & = vy/a/2. Then on the level
curve of §, where z = z(a), we have

1 tanx
(14) tan(6/2 4+ tan~'a) = tanh(z/a)
and
a® cosh(2x/a) + cos 2z
1+ a2 '
For the first limit, start with values of a that are small enough so that if a |
0, then tan(f/2 + tan=ta) | tan(f/2). In case 6 is an odd multiple of 7, take

tan(f/2) = —oo. Then, after restricting to a level curve of #, we claim that x = x(a)

(15) coshd(a,v(a)) =

is bounded below for these small values of a. Once this is known, then as a — 07,

a?exp(2z/a)/2 + cos 2x
1+ a?

coshd(a,v(a)) ~ ~ a’exp(2r/a)/2 — +oo,

and the first limit is proved.

To prove the claim, consider the case 0 < § < 7. If z = x(a) is not bounded
below, then there is a sequence {a,} with a,, | 0 so that z(a,) — 0. But then,
since tanx/ tanh(z/a) = tan(6/2 + tan=ta) | tan(0/2) # 0, using (14), it would
follow that tanh(x(a,)/an) — 0. This would also mean that

tan x(ay,) . z(an)
tanh(z(an)/an))  z(an)/an
a contradiction. So the claim is true for 0 < 6 < 7.

= a, — 0 # tan(0/2),

For the case 6 > m, the claim follows from the previous case and from the fact,
shown above, that 6(a,z) increases with z for any fixed value of a. In particular,
suppose there is a sequence {a,} with a, | 0 and x¢(a,) — 0, where xg = z¢(a) is
defined using the level curve corresponding to a fixed 8 > 7. For the same sequence,
one has zg/(ay,) < zg(ay) for any 0 < 6’ < 7, since § = (a,x) increases with .
This then means that z¢/(a,) — 0, contradicting the claim for the previous case.



EXTREMAL PROPERTIES OF LOGARITHMIC SPIRALS 21

For the second limit, start with values of a that are large enough so that if a T oo,
then tan(6/2 + tan~'a) T tan((d + 7)/2). In case € is an even multiple of 7, take
tan((f + m)/2) = +o00. Then, on the level curve of 8, we claim = = z(a) is bounded
above for these large values of a. Once this is known, then as a — +o0,

a® cosh(2x/a) + cos2x _ a®-1
14 a? -

coshd(a,v(a)) = — 1,

and the second limit is proved. The claim follows from the following observation—if
a T oo, the left hand side of (14) increases to tan((6 + 7)/2) while x = z(a) varies
continuously with respect to a. So for (14) to remain true as a | oo, it is necessary
that 2 remain bounded between consecutive odd multiples of 7/2. (If  increases
past an odd multiple of 7/2, then the right hand side of (14) jumps from 400 to
—00.) So z(a) is bounded. O

Remark: A further analysis reveals that as a — 0% one has z(a) = 6/2 + €(a)
where €(a) — 0. This is also apparent (up to scaling) from the contour plot of
0 = 0(a,z) given in Figure 3. Furthermore, we find that as a — 400 one has

15/r/-
F\

—
10

F1curE 3. Contour plot for § = 6(a, x) where z = v\/a/2.

xz(a) = [0/(2m)] - m + €(a) where €(a) — 0 and where [ -] is the ceiling function.
This, too, is apparent (up to scaling) from the plot given in Figure 3.

We now establish a context in which the logarithmic spirals are global maximizers
of inversive arclength.

Proposition 3. Suppose v is a three times differentiable curve from p to q that
has decreasing curvature, k. Suppose the amount of winding of the tangent vector
along v is A¢ = f,y kds, and suppose v has curvature k, > 0 at p and kg > 0 at q.
If L() denotes the inversive length of ~y, then

L("Y)z < A¢ -log(kp/ky)-
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There is equality if and only if v is a rotated and translated image of the logarithmic
spiral v € [s,t] — 71987 /(1 4 ia), where

(16) a=A¢/log(kp/Kq), s=a/kp, and t=a/k,.

Remark: Since v has decreasing curvature and k, > 0, the curvature of v must
always be positive. It follows that A¢ > 0. Moreover, since &, > kg, it also follows
that @ >0 and 0 < s < t.

Proof. We use the following version of the Hélder inequality. (See Hardy, Little-
wood, and Pélya [4, p.140].) Let 0 < k < lor k <0, and let 1/k+1/k" = 1. If

f>0and g > 0, then
() ()" < [

with equality if and only if f*¥ = c- gk, for some constant c, or if f or g is identically
zero. In our application, both f and g will be nonzero.

First, define constants a,s,t > 0 using (16), and let r € [s,I] — k(r) be the
curvature function for v using r as the arclength parameter. Assume that r = s
and r = [ correspond to p € v and ¢ € v, respectively. Then, applying the Holder
inequality with k = 1/2, k' = -1, f(r) = |c'(r)| = —&/(r), and g(r) = r, we find

1

L(y)?- (/:%W)l < /Sl—fi'(r)-rdr = —r k() T /Sln(r)dr

t
:—l-/{(l)—|—$~/§(s)+A¢):—l-%—ka—l—alog;.

We conclude that
l t
(17) L(v)? < log;-<—l-% +a+alog;),

with equality if and only if |’ (r)|'/? = ¢/r for all r and for some constant c.

Next we claim that

l l t £\ ?
log — - <—— +1 +10g—> < (log—)
S t s S

with equality if and only if [ = ¢. For this we use s <[ < 0o, and we replace s and
t with u = log(l/s) > 0 and v = log(t/s) > 0. Then also e* = [/s and e” = t/s,
and the claim says

n (—e“_” +1+ v) < v2,
with equality if and only if v = v. Now the function u — u(—e*~"" + 1 + v) has
value 0 at u = 0, and approaches —oo as u — +o00. Its only critical point is where

(—e" P +14+v)+u(-e""") =0 <= e’'(14+v)=€“(14+u) < u=n.

Since the value of this function at v = v is v2, the claim is proved.
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Combining (17) with the claim, we have

(18) L) = ( [ wer dr>2 < (lg’*) — 8¢ log(ry k).

with equality if and only if both

i) [ =t, and

ii) |'(r)|"/2 = ¢/r for constant c.
But these conditions, along with equality in (18), require first that ¢ = y/a and
then x'(r) = —a/r?. Since also k(s) = k, = a/s, it follows after integrating that
k(r) = a/r for all r. This is exactly the curvature equation for the spiral defined
in the proposition, so we are done. O

We come finally to the proof of Theorem 2, which uses both Proposition 2 and
Proposition 3. The only complication is to check that in a normalized setting, the
f invariant determines the amount of winding of the tangent vector. This technical
aspect of the proof uses a continuity argument.

Proof of Theorem 2. Suppose that v is a curve from p to ¢ that has decreasing
curvature and v* is the loxodromic arc that connects the same circle elements and
has the same 6 invariant as . After a translation and rotation, we may assume
that v starts at p = 0, and the tangent vector there has angle ¢, = 0. Then after
a further Mobius transformation we may also assume that v* is the logarithmic
spiral that has the arclength parameterization

(19) z:r €[l,8] — 2(r) = (re’®'°8™ — 1) /(1 + ia)

for certain @ > 0, s > 1. The curvature functions for v and ~* are then not only
decreasing, but also positive, since v* has positive curvature at z(s). We will show
that the tangent vectors of v and v* have the same amount of winding. After this,
Theorem 2 follows immediately from Proposition 3.

To do this, we construct a family of loxodromic arcs and use a continuity argu-
ment. Let d = dy > 0 be a continuous function of ¢’ € v such that d, = |f<a;,/a|1/4
and d, = 1. (We will soon specify the function d.) Here, &, is the derivative of the
curvature function for v taken with respect to arclength and evaluated at p. Then,
for ¢’ # p, d = dy determines a loxodromic arc Yy as follows:

1) Let # = 6, > 0 be the 0 invariant of the subarc ~, C « that connects p to
q q

/

q.

(2) Using the (fixed) value of a > 0 determined by v* in (19), the value 6,
determines a value v = vy > 0 as in the proof of surjectivity in Lemma 7.

(3) Define s = s > 1 according to vy = y/a log sq. The parameters a and sq
then determine a logarithmic spiral z = z, as in (19).

(4) Let o = pg be the Mobius transformation p = d~'z/(cz+d) where d = d,
and where ¢ = ¢y ' (dg') = dz(s)! for d = dgry 2= 24, 8 = 5.

(5) Let v, be the loxodromic arc v;, = iy © zy. The inversive length of 77, is
vy and its € invariant is 6.
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Using this construction, the arc vy, connects the same line elements as the subarc
v C 7, and it also has the same ¢ invariant. Moreover, each parameter 0, v, s, and
¢ varies continuously with respect to ¢ € 7, except that ¢ = ¢, may not extend
continuously at ¢ = p. Moreover, as ¢’ — p, one has § — 0, v — 0, and s — 1.
Finally, the condition d, = |/£;/a|1/4 ensures the estimate ¢y = 0(1/]¢'|) for ¢’ near
p, and the condition dy =1 ensures that ¢, =0, g = 2, and 7; =~".

Next, for a particular choice of d = dy, we claim that the amount of winding of
the tangent vector for Yy varies continuously with q' # p and approaches zero as
¢ — p. Evidently this is true for the amount of winding for v, , and as well, the
amount of winding for 7y, must agree with the amount of winding for v, except for
possibly a multiple of 2. Once the claim is proved, then, the two amounts must be
equal for all ¢’ # p. In particular, this is true for ¢’ = ¢, and the theorem follows.

To establish the claim, we first express the curvature of 7Yy using a computation
like the one from Lemma 6. The arclength parameter for v;, call it u, is related
to the arclength parameter for z, according to du/dr = |cz(r) + d|=2 for ¢ = ¢y,
z = 2y, and d = dg. Then the curvature of v}, at jiy 0 z4(r) is given by

d2(poz) d (cz+d dz
du2 _dr\cz+ddr
d(poz) i 1 dz
du (cz +d)? dr
(20) = —QIm[cz'(r)(cz(r) + d)] + |ez(r) +d|?* - e
r

and the amount of winding of the tangent vector for 7, is given by

(21) /1 (—2mm [e' () @0) F )] + fex(r) +d? - 2) %dr

s ez (r) a
= —2Im | ————— —|d
/1 ( m[cz(r)ﬂLd}jL?‘) '
= —2arg[cz(s) + d] + 2argd + alog s = —2arg[2(s)/q'] + alog s.

The parameters in the two integrals, namely s, ¢, and d, vary continuously with
respect to ¢’, so the first part of the claim is proved once we show that cz(r)+d # 0
forl1<r<s.

For this, we choose the function d = dy that makes the curvature of v;, at
¢ agree with the curvature of v, at ¢’. This curvature is positive, and since Yy
has decreasing curvature, it then follows that 77, must have everywhere positive
curvature. From (20), it then follows that cz(r) + d # 0 for 1 <r < s.

To find d, let K = Ky denote the curvature of v, at ¢’. Then, after the substi-
tutions cz(s) +d = (dq’)~'z(s) and ¢ = (dq’)~! — dz(s)~! in (20), we find

2 __|2(s)]?-a/s — 2Im ['(5)(s)]
" kgld P —2Tmlg - (s)7(s)/2(s)]
1 2sin(alogs)+a(l/s—s)
- 1+a? /£q/|q/|2 —2Im [q'e_w] '
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The numerator in the second expression for d? is always negative. To see this,
substitute y = logs and use the inequality —asinhy + sin(ay) < 0 for y > 0,
established during the proof of Lemma 7. The denominator is also negative. This
arises from the fact that the circle elements at the endpoints of «, are properly
nested. In particular, the circle centered at ¢’ + ie'%e /ky = ¢’ +ie ¢ /(T ky)
with radius 1/k, must enclose the origin.

We mention that since s = s/, Kk = k¢, and 0 = 84 are continuous, it follows
that d = dy > 0 defined in (22) is well-defined and continuous. Furthermore, if
¢’ = q, then z(s) = ¢ and k = a/s, since v* and 7 connect the same circle elements.
So we conclude from the first expression for d* that d, = 1. For the behavior as
q" — p, we estimate

a(1/s—s)+ 2sin(alog s)
1+ a?

3/2 — K 3/253
(23) _ (89 +0(0*) = _Em) s 3”\)/5

Here, the third estimate is gotten by expanding (8) to find v = v(6), and the last

estimate is gotten by expanding the right hand side of (1) in terms of the Euclidean
length § = &4 of the arc v = 4. A similar estimate gives

gl P = 2Im [g'e™) = wylg? —20m [7e] = "2y o),

so that d2, = |k /al'/? +o(1) as ¢’ — p.

We have yet to establish that the amount of winding in (21) approaches zero as
¢’ — p. Using the same estimates as in (23), we find that s = s and 5§ = §, are
related by

SO

Then, since |2/(r)] = 1 and cz(r) = o((s — 1)71) - O(s —

find
/1 (—2Im [7;;)(2 d} +§) dr| < 2/1
:2(3—1)-0( 11>-O(1)+a-0(s—1)=o(1)

G—
for s — 17, and the theorem is proved. (Il

cz'(r)

——|d 1
() +d r+ alogs
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6. FURTHER OBSERVATIONS

Here we write down two observations that are related to what has already been
established.

6.1. The function 8 = 6(p,q') is an increasing (resp., decreasing) function of
q €~ from p to q provided v has decreasing (resp., increasing) curvature.

Proof. Assume that v connects p to ¢ and has decreasing curvature. If s is the
arclength parameter for v, then df/ds at ¢’ € v depends on nothing beyond the
second order information of v at ¢’. Let 7, C 7y be the subarc that connects p to ¢/,
and let 77, be the loxodromic arc that connects the same circle elements as 74 and
has the same 6 invariant as 7,. Along 7, the quantity df/ds* is positive, where
s* is the arclength parameter for Vg Since v, and 7y have the same second order
information at ¢/, it must then be true that df/ds is positive for v at ¢’. So the
claim is proved. ([

6.2. For arcs with monotone curvature that connect the same line elements and
have the same 0 invariant (no restriction on second order information), the inver-
swe arclength can be made arbitrarily large or small.

Proof. This is evident even within the family of loxodromic arcs. In particular, on
a level curve of § = 0(a, v) we have seen that 0(a,v)/2 < z < [0(a,v)/27 |7 where
x = vy/a/2. See Figure 3. This means that the inversive length of the loxodromic
arc is comparable to 6/+/a. This can be made arbitrarily large by choosing a small,
and it can be made arbitrarily small by choosing a large. So the claim is proved. [
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