THE MOBIUS GEOMETRY OF HYPERSURFACES, II

MICHAEL BOLT

1. INTRODUCTION

Let 7 be a defining function for a twice differentiable real hypersurface M2"~! C

C™ near p € M. It is a familiar fact in several complex variables that the Levi

determinant,
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obeys a transformation law under biholomorphism. If r is normalized, this deter-
minant can be interpreted as the hermitian part of the Gaussian curvature of M.
As suggested in [5], there corresponds a law for what might be interpreted as the

non-hermitian part of the Gaussian curvature,
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provided the biholomorphism is a Mobius transformation. Combining these rules,
the quotient Q, /L, , behaves like a M6bius invariant curvature function, assuming
M is Levi non-degenerate.

In this paper we prove the following.

Theorem 1. Let M3 C C? be a non-Levi-flat, three times differentiable hypersur-
face, and suppose there is a constant € € C with || # 0,1 so that for allp € M,

(1) Qr’p =& ‘Cﬁp'
Then M is contained in the image of
Ms d:ef {(21722) : (Zl +§1) + |22|2 + Re (EZS) = 0}
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2 MICHAEL BOLT
under an affine map of the form F(z) = Az + b where 0 # det A € R.

The converse of Theorem 1 is true, too, and is easily proved. It is important to
note that condition (1) does not depend on the choice of the defining function. In
addition, Chris Hammond has observed that the surfaces M. are in fact homoge-
neous with respect to the group of affine transformations described in Theorem 1.
For more on this, and related questions, see his thesis [6].

Related to the determinants £, , and Q. , are the quadratic forms, defined for
s,t € C™, by

n n
_ 0%r _ 0*r
L ,t) = — it d 1) = — ith.
7‘,17(8 ) Z 3%62,% (p) Sjlk an QT,P(S ) Z 32]82k (p) Sjlk
J.k=1 J.k=1
These, too, transform under biholomorphism and Mobius transformation, respec-
tively, when restricted to the complex tangent space. (L, is the Levi form.)

Earlier, the author addressed the case ¢ = 0 and proved the following.

Theorem 2 ([5]). Suppose that M*"~1 C C" is a non-Levi-flat, three times dif-
ferentiable hypersurface and that, for allp € M,

(2) Qrp(s,8) =0 for s=(s1,...,8,) with i a—r_(p)sj =0.

Then M is contained in a hermitian quadric surface in C™.

In dimension two, the determinants £, and Q,, coincide with the quanti-
ties L, ,(s,3) and @y p,(s,s) where s is the special complex tangential direction
(—0r/0za, Or/0z1). This means that condition (1) can be rewritten @Q,,(s,s) =
€ L, ,(s,5), and this reduces to condition (2) when € = 0. In this way, Theorem 1
generalizes Theorem 2 to nonzero ¢ for the case n = 2.

It would be an interesting problem to extend Theorem 1 further by considering
dimensions higher than two. For this, it would presumably be necessary to put
restrictions on the eigenvalues of some combination of the forms @, , and L.,
rather than just work with the determinants Q. , and L, .

In [3] the author proved that the Leray transform is invariant under Mé&bius
transformation, provided it is defined with respect to Fefferman measure. (For
a convex surface, the Leray transform is the Cauchy-Fantappie operator whose
kernel is constructed using supporting complex hyperplanes.) So another interesting
problem would be to estimate the norm of this transform using quantities derived
from |Q/L]|. In particular, for the surface M., it would be good to know how the
norm of the Leray transform depends on |e|. This also would extend to higher
dimensions the author’s result [4] that describes how the spectrum of the Kerzman-

Stein operator depends on the eccentricity of an ellipse.
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In this direction, we point out Barrett and Lanzani’s recent work [2] on the
Leray transform for convex Reinhardt domains in C2. They establish L? regularity
and compute essential spectra for this transform taken with respect to a family
of boundary measures that includes surface measure. A special case is the set
of LP balls, which too have constant |Q/L]|, though here the absolute values are
necessary. We also mention Barrett’s work [1] that gives a careful description of
Mbobius invariant geometry in one and several variables especially as it pertains to
the Cauchy and Leray transforms.

The author thanks David Barrett and Chris Hammond for many helpful conver-

sations during the preparation of this paper.

2. MOBIUS INVARIANCE OF Q,,, IN C"

In this section we establish transformation formulas for £, , and Q, ,, we show
how the proof of Theorem 1 can be reduced to the case ¢ € Rt \ {1}, and we prove
that condition (1) is independent of the choice of defining function.

By way of definition, a M6bius transformation on C” is a fractional linear trans-
formation. Specifically, a Mobius transformation is a function F' = (f1,..., fn) :

C™ — C™ where f; = ¢;/gn+1,
9i(2) = ajr1z1+ -+ ajnzn + ajnt,

and det(a; x)jk=1,..n+1 = 1. The condition det(a;) = 1 acts as a normalization
and has no effect the transformation itself.

Algebraically, these transformations form a group that acts on C™ and is isomor-
phic to SL,+1(C). In particular, if C" is embedded in CP” in the usual way, then
they can be viewed as linear transformations in the homogeneous coordinates.

The affine transformations that are described in Theorem 1 are exactly the sub-
group of Mobius transformations for which det F’ is real. For such maps it is
necessary (but not sufficient) that g,1 is constant.

The following result is completely analogous to Proposition 2 in [5], where the

biholomorphic and Mé&bius invariance of the forms L, , and @, , was verified.

Proposition 1. Let M?"~1 C C" be a twice differentiable hypersurface nearp € M
and let w = F(z) be biholomorphic in a neighborhood U of p. If r € C?(U) is a
defining function for M near p, then M’ = F(M NU) is twice differentiable, it has
defining function r o F~1 near F(p), and

(3) »C'r‘,p :EroF_l,F(p) : |detF/(p)|2

Furthermore, if F is a Mobius transformation, then

(4) Qrp = Qror—1,r(p) - (det F'(p))”.



4 MICHAEL BOLT

Proof. Suppose that F = (f1,..., fn). Then using the chain rule, expressed in

matrix form,

or d(roF~1)
_ 1 0 -1 1 0
r 9% B rokl a0, o
ﬁ dr B 0 % IroF~') &F(roF ) 0 % 7
0zj  0z;0%y 9z owy Ow, 0w, Oz,

where the partial derivatives are evaluated at p or F'(p) as appropriate. After taking
the determinant of both sides, identity (3) is proved.

It also follows from the chain rule, applied individually to the partial derivatives,
that

or
8Zk
(5) ﬁ 62’!“
sz 8zjazk
A(ro F~1) df,
-1 YJm
rol ; 8wm 8zk
T\ Ao F 0k 00 F ) 01 0 | 5~ 0o )
ow 0z ow 0wy, 0z Oz ow,, 020z,

l lm

Here, a straightforward calculation shows that for a Mobius transformation,

2
O fm Gt 1,k Ont1,j Ont1,j0n41,k
8 8 - _am,j 5 — UmkT 5 + 2gm 3

2;0z) In+1 In+1 In+1

- _8fm Ant1,k 8fm An+1,5
0z gnt1 0zk gnt1

We can then perform row and column operations in order to simplify the ma-

trix on the right-hand side of (5). In particular, we multiply the first column by
Gn+1,k/gn+1 and add to the (k + 1)-st column; we also multiply the first row by
(nt1,5/9n+1 and add to the (j + 1)-st row. After doing this for all j, k, the sum
that contains 02 f,,, /02,02, has gone, so that taking the determinant of both sides
of (5) proves identity (4), just like for the previous situation. O

From Proposition 1, it follows that if M is Levi non-degenerate and F' is a Mobius

transformation, then

(6) Qr,p _ QT'OF‘l,F(p) det F/(p)
Ly Lyor-1,7(p) det F'(p) '

In particular, for a fixed constant e, the condition 9O, , = €L, , is preserved by

those I’ for which det F” is real. These are the affine maps described in Theorem 1.
Meanwhile, the condition Q,, = €L, for some constant ¢ is preserved by those
F for which det F’ is constant. These are the general affine maps of C".

From (6), it is also a simple matter to reduce the proof of Theorem 1 to the
case ¢ € RT \ {1}. In particular, if M3 C C? satisfies Q,, = €L, for ¢ € C
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with |e| # 0,1, then the affine transformation F(z1,20) = (21, €'(®82)/22,) results
in a surface F'(M) for which Q,cp-1 p(p) = || Lror—1,p(p)- If Theorem 1 holds for
e € R\ {1}, it follows that F(M) is contained in the image of M| under an affine
map G(w) = Aw + b where 0 # det A € R. Applying F~!, it then follows that the
original surface M is contained in (F~'o G)(M)). Since M| = F(M,), it follows
that M is contained in the image of M. under the affine map G=F1loGoF.If
G is expressed as é(z) = Az —1—3, then clearly det A = det A, so that 0 # det Ae R,
and the reduction is complete.

To conclude this section, we verify that condition (1) is independent of the choice

of defining function. We return to the general case M?"~! c C".

Proposition 2. Let r and 7 be defining functions for a twice differentiable hyper-
surface M*"~1 C C" with ¥ = h -r for a twice differentiable function h > 0. Then
on M, both L, = h"TL,, and Qr, = h"T1Q,,. In particular, the quotient
Q. »/Lrp is independent of the choice of defining function.

Proof. We establish Qr, = h"T1Q, ,. First, notice that

o(hr)  Oh or
= — hi
3zj sz T 825]'

and
0?(hr) 0%h Oh Or Oh Or 0?r
= Pt o o :
0zj0z, 020z 0zj 0z, Oz, 0z 020z,

Then using r(p) = 0, as well as row and column operations similar to those in the

second half of the proof of Proposition 1, it follows that

hr hﬁ
8zk n+1
Q}m",p = —det hﬁ 627“ =h Q"VP'
c’?zj 32:]' 0zk
The identity L7, = h"T'L, , is handled similarly. O

3. GEOMETRIC STRUCTURE OF THE QUADRATIC FORMS

The proof of Theorem 1 uses classical differential geometry. We use the following
notation, much of which can be found in Helgason [7] or Hicks [9]. For the time
being, we continue to consider the case of general dimension. In the next section
we restrict to the case n = 2.

Coordinates (z1,...,2z,) € C" correspond with coordinates (z1,%1,...,Tn,Yn) €
R?" according to z; = z; + iy;. Under this identification, the real Euclidean space
inherits a complex structure J : TR?>"® — TR?" that corresponds with multiplication
by i = /=1 and is given by J(9,,) = 8,,, J(8y,) = —0,,. This structure preserves

the Euclidean inner product (-,-) on TR?". In fact, J* = —J and J? = —I. For
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X € TR?", we let d = dx denote the standard (flat) connection on R?". The
complex structure and the connection commute with one another.

The real tangent space of M = M?"! is denoted by 7M. The complex tangent
space is the codimension one subspace HM = TM N J(TM). If M has defining
function r, then a vector X € H,M can be represented in coordinates by s =
(s1,...,8n) € C" where > 7;(p)s; = 0. The subscripts on r refer to holomorphic
partial derivatives.

Let N be a unit normal vector on M. Then the direction orthogonal to HM
in TM is JN. For X € TM, let d = dx be the Riemannian connection that M
inherits as a submanifold of R”™. (It is exactly the restriction of d = dx to M.) Like
d, the connection is symmetric and metric, so [X,Y] = dxY —dy X for X,Y € TM,
and X (Y, Z) = (dxY,Z)+ (Y,dx Z) for X,Y,Z € TM.

The Weingarten map is the operator S : TM — TM given by S(X) = dxN.
This operator is self-adjoint. Related to S is the second fundamental form. This is
the symmetric bilinear form b(X,Y) = (S(X),Y) = (dxN,Y). The main structural
equation for a hypersurface in Euclidean space is the Codazzi equation. It says that
if X, Y € TM, then

dxS(Y) — dy S(X) — S([X,Y]) = 0.

This vector equation describes the compatibility conditions between the induced
metric and the second fundamental form for a hypersurface in Euclidean space.
The following proposition describes the geometric structure of the forms L,

and @, p. The expression for the Levi form was proved by Robert Hermann [8].

Proposition 3. Let M?"~! C C" be a twice differentiable hypersurface and let r be
a defining function for M normalized so that |Vr| =2 on M. Let s = (s1,...,8n) €
C™ be coordinates for X € H,M. Then,

Lyp(5,3) = = (b(X, X) + b(JX, JX))

N — N~

Qrp(s,s) == (b(X,X)—-b(JX,JX)) — % (b(X,JX)+b(JX, X))

Proof. The defining function has been normalized so that in coordinates, N =
(rf,-..,rm). The subscripts refer to antiholomorphic partial derivatives; the factor
of 2 compensates for the factor of 1/2 in 9z, = (1/2)(0,, +i9,,).



THE MOBIUS GEOMETRY OF HYPERSURFACES, II 7
If X = (s1,...,8,) € HyM, then JX = (is1,...,1s,), and using the dot to
represent the complex dot product, we find
b(X,X)=TRe[dxN - X]
= Re (z;;l(sjazj +5;05) (11, o) - (51 ,gn))
= Re <Zj k=17 ESi5k + rjksjsk) =L, (5,5) + ReQr (s, 9),

b(JX,JX)=Re[dsxN - TX]

- ( (is;0., — i5;02,)(rp, .. 7m) - (—z’§1,...,—i§n)>
= Re(

2=t TR jk§j§k> = Lyp(5,5) —Re Qrp(s, s),
b(X,JX)=b(JX,X)=ReldxN - JX]
= Re <Z; (8502, +5;0z,)(rgs - - 1) - (=051, —i§n))

= Re( k=1 zrjksjsk ]k§j§k> =—-ImQ,p(s,s).
L

The expressions for L, ,(s,5) and @, (s, s) follow directly from these calculations.

O

4. PROOF OF THEOREM 1

The proof of Theorem 1 is similar to the proof the author used to prove Theo-
rem 2. It makes extensive use of the structural equations for a hypersurface. The
strategy is to identify a vanishing quantity on M, then to use it to identify constant
directions in C? as observed from M. Following a suitable affine transformation,
the cross-sections of M are ellipses or hyperbolas. With this extra restriction on
M, and after a further normalization, it is shown that condition (1) requires that

M is contained in a surface M,.

We restrict to the case n = 2. Let r be a defining function that is normalized so

that |Vr| = 2. Then condition (1) can be rewritten

(7) Qrp((=72,71), (=72,71)) = €Ly p((=72,71), (=75, 77))-

Using the remark that follows Proposition 1 we assume that ¢ € R™ \ {1}. From

now on we also use the preferred orthonormal system,
(8) N =(ry,r5), JN={(irg,iry), X = (-ro,r1), JX = (—irg,iry).
By Proposition 3 it follows that b(X, JX) = b(JX, X) = 0, and

(X, X)—-b(JX,JX)=¢(b(X,X)+bJX,JX)).

In particular, b(X, X) = A(1 + ¢) and b(JX,JX) = A(1 — &) where A is real and
A £ 0.
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The second fundamental form for M3 C C? can then be represented by the 3 x 3

matrix of real functions

Y B gl
B Ml+eg) 0
v 0 Al —¢)

The rows and columns of the matrix correspond with the tangent vectors JN, X,
JX, respectively, as defined in (8). Our proof will be local, so using the smooth-
ness of M we assume A # 0. The Weingarten map can be read from the second

fundamental form,
S(JN)=aJN + X +~vJX,
S(X)=08JN + A1+¢e)X,
S(JX)=~vJN+ A1 —-¢)JX.

Our first step shows how the system (8) is useful for computing the connection

along M.

Lemma 1. Let M3 C C? be twice differentiable and have second fundamental form
as described above. If Y € TM then (dy X,JX) = —(JN,dy N). In particular,

(dynX,JX) =—
(dxX,JX) = -5,
(dyxX,JX) = —

Proof. Using the dot to represent the complex dot product, we find

(dy X,JX)=Re[Y(X)-JX]| =Re [Y(-re,m1) - (ir5, —iry)]
= —Re [Y(ry,m) - (irg, ir7)]

)

)

= —Re [Y(r1,72) - (irg,ir5)]
= —Re [(irT7 i?"2 (’1"1, TQ)]
= —Re[JN - Y(N)]
= —(JN,dyN).
The remaining claims are special cases of this fact. [

The connection along M is described nicely using entries from the second fun-

damental form.
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Lemma 2. Let M3 C C? be twice differentiable and have second fundamental form

as described above. Then the connection on C? along M is given by

(9) djyN = +aJN + BX +~vJX,
(10) dyNJN = —aN —yX + 3JX,
(11) dyjnX = =N +~vJN — aJX,
(12) dyjnJX = —yN — BJN + aX,
(13) dxN =+BJN + A1 +¢)X,
(14) dxJN = —3N + A1 +¢)JX,
(15) dxX =-\1+¢)N - BJX,
(16) dxJX = —-\1+¢)JN + BX,
(17) djxN =4+vJN + A1 —¢)JX,
(18) djxJN = —yN — \(1 — )X,
(19) dixX = +M1—¢)JN —~JX,
(20) dyxJX = -A\1—-¢)N +~X.

Proof. Identities (9), (13), and (17) can be read directly from the second funda-
mental form, because if Y € TM, then (dy N, N) = (1/2)Y ({N, N)) = 0. We also
give proofs for (10) and (11). First,
<8JNJN,N> = —(JN,EJNN) = —qQ,
(djnJN,X) = (JdjnN,X) = —(d;nN,JX) = —,
(djnJN,JX) = (Jd;NN,JX) = (d;nvN, X) = .

Together, these computations prove that djyJN = —aN —yX + #JX. Similarly,

(djnX,N)=—(X,d;nN) = =5,

({djnX,JN) = —~(X,djnJIN) = —(X,Jd;nN) = (JX,djnyN) =7,
(dinX,X) = (1/2)JN ({(X, X)) =0,

<8]NX, JX) =

—Q.

(The last identity uses Lemma 1.) Together, these prove that djyX = —3N +

YJN — aJX. The remaining identities use similar reasoning. ([

It is then a simple matter to describe the connection that M inherits as a sub-
manifold of C2.
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Lemma 3. Let M3 C C? be twice differentiable and have second fundamental form

as described above. Then the connection on M is given by

(21) djnJN = —vX + 8J X,

(22) djnX = +vyJN — aJX,

(23) dynJX = —BJN + aX,

(24) dxJN = +A\(1 +¢)J X,

(25) dx X = —BJX,

(26) dxJX = —\1+¢)JN + 8X,
(27) djxJN = -\1-¢)X,

(28) dyjxX =41 —¢)JN —~JX,
(29) dixJX = +vX.

Proof. These identities follow immediately from Lemma 2. One ignores the normal

components and retains the tangential components. [

The Codazzi equation reveals several restrictions on the second fundamental

form.

Lemma 4. Suppose M3 C C? is three times differentiable and has second funda-
mental form as described above. If X # 0, then

(30) JX(\) = +35)\1 ;i

(31) X(N) = -3y,

(32) JX(a) = JN(y) — 36A(1 — ),

(33) X(a) = JN(B) +37A(1 +¢),

(34) JX(B) = =27 + 32 — N2 (1 — £2) + aA(1 — 3¢),
(35) X(B) = (1 +e)JN(A) =387,

(36) JX(7) = (1 —¢)JN(A) + 307,

(37) X(y) = 426% =2 + A2(1 — &%) — a\(1 + 3¢).

Proof. We simply apply the Codazzi equation to the different pairs of tangent

vectors.
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(i) Applying the equation to X, JX,

0=dxS(JX) —dsxS(X)— S(dxJX — dyxX)
=dx(yJN + A1 —-¢)JX) —dyx(BJN + A(1 +&)X) + S@AJN — X —vJX)
=X(7)JN +vdx JN + XN (1 —e)JX + M1 — e)dxJX
— JX(B)JN = BdyxJN — JXAN)(1 +)X — A1 +e)dyx X
+2MaJN + X +~4JX) = B(BIN + A1 +¢)X) —v(vJN + A1 —¢)JX)
=a1JN +ae X +azJX,

where

a1 = X(y) = JX(B) — 222(1 — &%) + 2a\ — 3% — ~?
as =—JX(AN)(1+¢e)+36A1—¢)
az3 =XA\)(1—¢)+ 3y (1 +e).

Equations (30) and (31) follow from the requirement that az = 0 and a3 = 0. (The
vanishing of a; is reflected by (34) and (37); these are proved in what follows.)

(ii) Applying the equation to JX, JN,

0=dsxS(JN) —dsnS(JX) — S(dsxJN — dynJX)
=dyx(aJN + BX +7JX) — dyn(vIN + A(1 — €)JX)
— S(BJN — (a+ A1 —¢))X)
= JX(a)JN + adsx JN + JX(B)X + Bd;x X + JX(7)JX +vdyxJX
— JN(9)JN = yd;nJN — IN(A)(1 = €)JX — A(1 — €)dynJX
— B(aJN + BX +vJX) + (a + A1 — &))(BIN + A(1 4 £)X)
—a1JN + asX + azJ X,

where

ay =JX(a) — JN(y) +38A(1 —¢)
ay = JX(B) + 272 — B2+ A%(1 — &%) — a\(1 — 3¢)
a3 =JX(y) = (1 —¢)JN(\) — 307.

Equations (32), (34), and (36) follow from the requirement that a; = 0, ay = 0,

and ag = 0.
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(iii) Applying the equation to X, JN,

0=dxS(JN) — dynS(X) — S(dxJN — dynX)
= dx (aJN + X +~vJX) — dyn(BJN + A1+ £)X)
+ S(vJN — (a+ A1 +¢€))JX)
= X(a)JN + adxJN + X(B)X + Bdx X + X(1)JX +vdxJX
— JN(B)JN — BdynJIN — IN(AN)(1+ )X — A1+ e)dyn X
+y(aJN + X +~4JX) — (a+ A1 +¢))(yJN + X1 —¢)JX)
=a1JN + as X +aszJX,

where

a1 = X(a) = IN(B) — 3vA(1 +¢)
az = X(B) — (1 +¢)JN(A) + 38y
as = X(7) — 262 + 92 — X2(1 — €2) + a\(1 + 3¢).

Equations (33), (35), and (37) follow from the requirement that a; = 0, ay = 0,
and ag = 0. O

The symmetry of the connection leads to further restrictions.

Lemma 5. Let M3 C C? be as described above. If X # 0, then

(39) TNO) = ~60y .
(39) X(8) = =30y T,

(10) IX() = +357

(41) IN(B) = ”;(1 i)z ey T2 (1 +e),
(42) JN(y) = ﬂ; i ji_)z +af 11;5; A1 — o),
(43) X(a) = 7; q i)? —ay 11415; + 291 +€),
(44) JX(a) = %3 q fE)Q +ap 11;55 — 26801 —¢).

Proof. We apply the identity [X,JX]| = dxJX — djxX to each of A, 3, and ~.
Using Lemma 3, this identity can be rewritten [X, JX] = —2AJN + X + vJX.

We also make frequent use of the identities proved in Lemma 4.
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(i) Using (30) and (31), and then (35) and (36), we find
1—¢ 1+4+¢
X, JX|(N) =X3BA\——) — JX (=3
X, TX]() = X@AAT0) — TX(-39A 1)

—3((1+2)IN(\) — 367) A ;i 138X (N)

1—¢

1 1+¢

1 1

+3((1=)IN(A) +367) )\g +3TX (V) i =

So the identity [X, JX](A\) = (=2AJN + X + vJX)(A) can be rewritten

SAIN(N) = BX () (1 —31—1;) I X(A)(1 =31 1E 1=

e 1+4e¢
98y — .
—€)+ by (1+5 1—5)

Using (30) and (31), and simplifying, proves (38) since A # 0. Then again using
(35) and (36), it proves (39) and (40).

(ii) Using (34) and (39), and then (33), we find

(X, JX](B) = X (=272 + 8% = XN2(1 — &%) + a1 — 3¢)) — JX (—33y

14¢
1-— s)
— 4y X (7) +2BX(B) — 2A(1 — %)X ())
+ (JN(B) + 3vA(1 + ) A(1 = 32) + aX (A)(1 — 3¢)
FBVIX (S 88X () 1

1—¢
So the identity [X, JX](8) = (—2AJN + 8X + vJX)(B3) can be rewritten

BAJN(B)(1 —¢) =47 X (7) — BX(B) + 2A(1 — )X (N) — 3yA3 (1 +£)(1 — 3¢)

1 1
— aX(N)(1 - 3¢) + 4 X ()(1 - 35 fi) ~ 37X (1) fi
Using (31), (34), (37), (39) and (40), and simplifying, proves (41) since A # 0 and
e # 1. Then again using (33), it proves (43).

(iil) Using (37) and (40), and then (32), we find
(X, JX](2) = X357 0) = JX(26° =7 + X2(1 = £2) — aX(1 + 32))

1 1-—
= 39X (8) 1 + 38X (1) T

—ABTX(B) + 27T X (7) — 2M(1 — 2 TX(N)

£ (IN() = 3BA1 — ) AL+ 3¢) + a X(\)(1 + 3¢).
So the identity [X, JX](v) = (—=2AJN + 8X + vJX)(7y) can be rewritten
NG +2) = = 31X ()] + X ()1 - 37

3

) +H4BIX(8) — 7T X(3)
+ 201 — ) JX(N\) +382%(1 — &) (1 + 3¢) — aJ X (A\)(1 + 3¢).

Using (30), (34), (37), (39) and (40), and simplifying, proves (42) since A # 0 and
€ # —1. Then again using (32), it proves (44).

O
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Next, the symmetry of the connection can be used to identify a function that
vanishes.

Lemma 6. Let M3 C C? be as described above. If X\ # 0, then
2 2
li € + 177 €
Proof. In particular, we apply the identity [X,JN] = dxJN — d;nX to 8. By
Lemma 3, we have [X, JN] = —vJN + (a+ A1 +¢))JX.
Then using (39) and (41), it follows that

—aX=0.

0 =[X,JN](B) — (dxJN —d;nX)(B)

3
ol de 1+ 5¢ 1+e¢
= L — — _JN (=
X(/\(l—e)2 YT ’y)\(l-i-fs)) J ( 3571_€>

+4JIN(B) — (a+ M1 +¢€)JX(0)

—X(v) (312 1 i) 1;:5; A+ 5)) ~ X(a) (v 11“’;)

v 4e

XN <_x2(15)2 e g)>
£ ING) (175 7))+ v (301
- 1i6(1(1—+s)€) (1&1 17—25 _O‘A)z'

The last step uses (31), (34), (37), (41), (42) and (43), and a good deal of algebra.
(The lengthy details are omitted.) Since A # 0 and € # 0,41, the lemma is
proved. O

1+¢

> —JX(B)(a+ A1 +¢))

Finally, it is possible to identify a set of constant ambient directions (in C?).

Lemma 7. Defined on M, the vectors

(45) y & \-2/3 (AX + -7 TN+ 6JN>
1— 1+
_\-2/3 ﬂ v
(46) JY =\ ()\JX T )
(47) Z N2/ (/\N X ﬂJX)
1+
(48) JZ =23 NJN — ﬁ xX- -1 Jx
1+e¢ 1—¢

are constant.

Proof. To prove that Y is constant, we use the previous lemmas and show that

each of the vectors dynY, dxY, and dyxY is zero.
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(i) Since
EJN )\X+7N+LJN
1—c¢ 1+e¢
= A(=BN +~JN — aJX) + IN(NX + 1%_:(oan\/ +BX +7JX)
JN(v) B JN(B)
N —aN —~vX X JN
+ 1—¢ +1+5( @ VX +BIX) + 1+¢
and
_ 2 JN(A) By 4e
2/3 2/3y . _ =2 _ =77
ATEINQA ) 3 A A 1—¢g2’
it follows that
N3 NY
By 4e g = B
TN 1-e2 AX+17 N2 /N ) rdan 17 l+e
:a1X+a2JX—|—a3N+a4JN,
where
1
1
_ 2
as = —a\+4%—— T +ﬁ 5z
By e JN(7) 1
=3 _
BTN 1-e2)(1-¢) Pr+ l—¢ aﬂl—&—s
Py e 1 JN()
=t A — )
“ A (1752)(1+5)+V +047175+ 1+e¢

Each of the coefficients a; is zero, as follows from (38), (41), (42), and Lemma 6.
Since X # 0, it follows that d;nY = 0.

(ii) Since
dx (AX+ —— N+ ﬁJN)
1—¢ 1+
“A=A1+ )N — BJX) + X(\) X + 1%6 (BJN + A1 +¢)X)
X() ﬂ X(B)
and
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it follows that

N3 dxY
14+e¢ B = 5]
=2 X 7N ——JN X
1= (A s +1+J)+dX<A 1— 1te )
=a1X +asJX +asN + a4 JN,
where
1
ar =39 +€+X()\)
(12:0
1+e¢ X(v) 1
— 942 21 a2
s 7(1—5)2 ( +8)+1—6 51+€
1 X(B
a4:3ﬁ71—5+1—(k5)'

Each of the coefficients a; is zero, as follows from (31), (37), and (39), and Lemma 6.
Since A # 0, it follows that dxY = 0.

(iil) Since

= B
—— N+ —JN
dyx ()\X+1 —|—1Jr J )
=AA1—-¢)JN —4JX)+ JX(A )X—&-i( JN + A1 —-¢e)JX)
JX(v) B JX(B)
N —vN — X1 —-¢e)X N
+ 1—¢ +1+5< 7 Al &)X + 1+€J
and N
2 JX(\ 1—¢
2/3 X —-2/3 - _Z ——)
A2 TX (A ) 37N 51+6a

it follows that

A2/3EJXY

1—¢ 1+ 1—¢ 1+
:a1X+a2JX+a3N+a4JN,

<>\X +—L N+ ”BJN) tdyx ()\X + L N+ ﬂJN)

where

()

a2:0
1 JX(9)
= -3 R I A
3 571—}—54— 1—¢
1—¢ 1 JX(3
a4:7252ﬁ+>\2(1—5) ’)/217_64’ 1_"_(5)
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Each of the coefficients a; is zero, as follows from (30), (34), (40), and Lemma 6.
Since X # 0, it follows that d;xY = 0.

We have therefore proved that Y is constant, and it follows that JY is constant
as well. The proof for Z and JZ can be done in a similar fashion. Alternatively,
after expressing all four vectors in terms of the defining function and using (8), one

can see that Y being constant implies that Z and JZ are constant, too. [

Following Lemma 7, we apply a special unitary transformation (such a transfor-
mation is affine with real determinant) that orients the surface in C? so that Z is
parallel with 9/0z;. It then automatically follows that JZ is parallel with 9/0y;. In
fact, Y and JY then also are parallel with 0/9x5 and 9/0ys, respectively. This can
be seen by comparing the system of vectors in (8) with the definitions in Lemma 7.

Furthermore, since the four vectors in Lemma 7 are constant, their length, too,

must be constant. So the positive quantity

1 B2 2 2
A= A4/3(<1+e>2 * <1—s>2“>

is constant. We now apply a dilation that is uniform in all directions (and is
therefore affine with real determinant), so that A = 1. This is possible because the
curvatures vary inversely with the dilation factor, and A is homogeneous of degree
2/3 with respect to the curvatures. So if on the initial surface A = k, then after a

dilation by k3/2, the new surface has A = 1. The normalization can also be written

62 ,Y2 B /
(49) Grer fa—gp NN

Given now that the constant vectors are properly oriented and have unit length,
we can say definitively that Z = 0/0x1, JZ = 3/0y1, Y = 0/0x2, and JY = 0/0ys.

We proceed to show that M is invariant under translations in the 0/0y; direction.

Lemma 8. Let M3 C C? be as described above. If A # 0, then M is JZ invariant.
In particular, M can foliated by lines (or line segments) that are parallel with the

Y1-QT1S.

Proof. We show that all curvature information is unchanged by translations in
the JZ direction. In particular, we will verify that JZ(8) = 0, JZ(y) = 0, and
JZ(X) = 0. To prove JZ(B) = 0 we use (34), (39), and (41), and Lemma 6, and
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we find
N3 JZ(B) = A\IN(3) — %X (B) - %_EJX (B)
=4 [fui)? 3 (16; 17:) 11+—55€ S +E)]
- 1i5(—3ﬁ7)1t§
_115{—%ﬂ+ﬂ?—Vu—f%+<1T€+1f8>ﬂ—3@]

=0.

(The simplification in the last step is best done by isolating the terms containing
73, 3%y, and yA2.) To prove JZ(y) = 0 we use (37), (40), and (42), and Lemma 6,

and we find

NPIZ(3) =AIN() = T X () - 11 TX ()
=4 Rg(l i)? g (1[125 17—25) 11;556 +AA1 _5)}
_ %E [252 — A1 —e?) - (ﬁ: + 1”_:) (1 +35)]
N 175(3ﬂ7>1+i

To prove JZ(A) = 0 we use (30), (31), and (38), and we find

N3JZ(\) = A\IN()) — 1i X - I%EJX(A)
e - I6) B 1+<€_ ol 1—¢
=l 667)1—62 1+5( 37)\)1—5 1—6(3ﬁ)\)1+8
=0.

Since JZ(B) = 0, JZ(y) = 0, and JZ(\) = 0, it follows from Lemma 6 that
JZ(a) =0 as well. O

We next define vectors,

e 1 B g
7, B o Y g (M AN = Y JY
+1—|—5 +1—€ +( ) A/B \1+4¢ +1—€ ’
g __ Y vy P ogx

1—¢ 1+e

so that {T, S, JZ} is an orthogonal basis for the tangent space of M. (The second
expression for T uses (49).) We take a cross-section M’ = M N {(z1,22) : y1 = b}
for fixed b € R, and using a translation in the 9/9y; direction we assume b = 0.

Lemma 8 says that M is contained in the union of translates of M’ provided the
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translates are taken in the 0/dy; direction. We view M’ as a surface in R® where
0/0x is the vertical direction and 9/0ze and 9/Jy, are the horizontal directions.
Notice then that {7, S} is an orthogonal basis for the tangent space of M’ and T
is horizontal.

The next lemma will permit us to see how M and M’ are situated relative to

the remaining coordinate directions.

Lemma 9. Let M3 C C2 be as described above with A # 0. Consider the map
g: M — C? defined according to

fy 1
= —_ —
P =p—37—=Y +

>

1
JY.
€

Then T'(g) =0 and S(g) is parallel with Z.

Proof. We begin by giving simplified expressions for the partial derivatives of /A
and B/\. From Lemmas 4, 5, and 6, and from (49), it follows that

= 4+(1 — e2)AY/3,

=
T~

<
N
=
VRS
/\
@ o @ 2 > v

N—— ~ s e ™ s N ~
Il
|
—
I
™
o
>
—
~
L w

Il
\
-
+
m
~—
)
g
D
~
w

<
=2
7 N\

(The details are omitted.) Since Y and JY are constant, it then follows that

_1—152 {1—?—5X()\)+JX(K> (/\1/3 MJN(K)}Y

e (3) e () ro - (§) o

207

_ 1 B gl
T(g)ix\l/?’ (1+5Y+1 EJY>
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as is easily checked. In addition,

_ B 1y p Y
Slg) = 1—€X+1+5JX 152[ l—sX(/\>+1+ TX (A)]Y
1 Y B B B
R [1—5X</\)+1+ JX</\ Ty
o D xy Pogx s D ysax s X ne LN
T1oC T1te 1-¢ l1—c 1+

- ixl/?’ ()\JX iN + JN)

1+4+¢ 1+4+¢ 1—
=(1 =23 (AN - X B gx
( ) 1-— + 1+e¢ J
=1 - N3Nz,
where the next to last step also uses (49). O

Since T is horizontal, and since T'(g) = 0 (by Lemma 9), it follows that each
horizontal slice of R? contains a unique point which is the image under g of the
corresponding slice of M’. Ranging over all slices, the locus of such points is a curve
that can be viewed as a graph over the xi-axis. In fact, the curve is a straight line
that is parallel with the xj-axis. This uses the fact that S(g) is parallel with Z
(by Lemma 9) and the fact that S is independent of T. Following an additional
translation in the horizontal directions, we may assume that g(M’) is contained in
the zi-axis.

We next determine the precise shape of these horizontal slices of M’. They are

ellipses or hyperbolas, according to whether e < 1 or € > 1.

Lemma 10. Defined on M, the point and line

—
F, = JY
» =9+ M_gQ

« 1
d, = +y/ v ——=JY +sY:s€eR
are constant with respect to T. In addition, dist(p, F},) = 1/2¢/(1 + ¢) - dist(p, d

Proof. For the first claim, it is enough to verify that T'(a/\) = 0, since Y and JY

are constant, and since T'(g) = 0 by Lemma 9. Using Lemma 6, together with the
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computations from the beginning of the proof of Lemma 9, we find
a 1 /62 ,72
T 7) =7 (-
(/\ ()\2 (1+€+1—8

20 1 Jé] 2y 1 vy
=7 T2 it T(L
Al+e ()\)Jr)\l—g ()\)
_26_1 B o__2
Al+e\l+e 1—¢

2y 1 p 2\11/3 8l 1/3 —2/3
il 123 00 (A3 Z M) (1 —€)BA
+/\1—5<1+£( £) 1—¢ 0+( 1 =¢)B

(1 =AY — (A3 -1+ e)'y/\_2/3>

207

after an easy simplification. For the remaining claim, we find

:ﬁ (<1 —e) (m— li) +(8+ m&)j

:ﬁ (5\/25/(1 Fe)+Var+ 5)2 :

where we have again used Lemma 6, and

dist(p, d,)? = 6+\/ﬁ(1+e)/\/£)2.

e —a
A2(1 —g2)2
From these computations it follows that dist(p, F},) = 1/2¢/(1 +¢) - dist(p, dp). O

In either case, relative to the horizontal coordinate zo = xo + iya = (22,¥2),
the slice of M’ has focus F' = (0, kv/2¢/(1 — £2)) and directrix d = {y» = k/((1 —
£)v/2¢)}, where k = m is constant in any slice. The ellipse or hyperbola has
eccentricity e = 1/2¢/(1 +¢). (The cases € < 1 and € > 1 are illustrated in Figure

Y2 Y2

m\

U P

Xo X2

o

F1GURE 1. Horizontal cross-sections of M’ for ¢ = 1/2 and € = 4.
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1.) Basic coordinate geometry can then be used to show that the slice of M’ must
satisfy
k‘2
1—¢e2’
Putting everything together, after the uniform dilation, the special unitary trans-

|22]* + Re (e23) = 23(1+ &) +y5(1 —¢) =

formation, and the translations, the original surface M? C C? can be defined by
(21, 20) = ¢(21 +Z1) + | 22> + Re (e22)

for some real function ¢ that can be assumed to be three-times differentiable. For

this defining function we find that the condition @, , = ¢ L, , reduces to
e(¢')’ + (72 +e2)?¢" = ((¢')° + |22 + e22/°0") |

and this ultimately requires that either zo = 0 or ¢"” =0 on M. The case zo =0 is
excluded, or else M is two-dimensional. So we conclude that ¢”” = 0. Then, after
a further translation in the x; variable, and a dilation restricted to the z; variable
(which too is affine with real determinant), we conclude that M can be defined by

r(21,22) = (21 +Z1) + |22/? + Re (€23). Theorem 1 is therefore proved.
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