THE MOBIUS GEOMETRY OF HYPERSURFACES

MICHAEL BOLT

1. INTRODUCTION

Suppose r is a defining function for a twice differentiable hypersurface M?"~! C

C™ near p € M. In complex form, the Taylor expansion for r is given by
" or -
r(p+1t) =7r(p) + 2Real » 5 )t + Lep(t7) + Real Q. (¢, 1) + o[t]?),

where t = (t1,...,tn),

and
" 0%r

Qr,p (37 t) =

It is a familiar fact in several complex variables that the hermitian quadratic form
L, , is invariant under biholomorphism. (Restricted to the complex tangent space,
this is exactly the Levi form.) It is less familiar that the non-hermitian form @, ,
is invariant under Mobius transformation when restricted to the complex tangent
space. This is established in Section 2.

Our main result is the following.

Theorem 1. Suppose M*"~1 C C" is a non Levi-flat, three times differentiable
hypersurface, and for allp € M,

_ "\ or
(1) Qrp(s,8) =0 for s=(s1,...,8,) with ; 8—%(17)5]- =0.

Then M is contained in a hermitian quadric surface in C™.

The condition (1) is independent of the choice of defining function.
The proof of Theorem 1 uses the structural equations for a hypersurface and is
similar to a proof the author used for an earlier characterization of the Bochner-

Martinelli kernel [2]. An earlier analytic proof of Theorem 1 that requires the
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hypersurface to be eight times differentiable was given by Detraz and Trépreau [4].
They also characterized the situation for Levi-flat hypersurfaces as follows.

Proposition 1 (Detraz & Trépreau). Suppose M*"~1 C C" is twice differentiable,
Levi-flat, and for allp € M,

Qrp(s,8) =0 for s=(s1,...,8,) with Z Or (p)s; =0.
j=1

Then M is foliated by (the germs of ) complex hyperplanes.

As applications of Theorem 1, we will prove the following local versions of results
obtained by the author in [3]. The first application also extends a result proved
by Boas [1] and Wegner [8] to the case of a weighted measure. In our usage, the

weights will be positive, twice differentiable functions.

Theorem 2. For a non Levi-flat, three times differentiable hypersurface M?"~1 C
C™, there is a positive measure on M for which the Bochner-Martinelli transform

18 self-adjoint if and only if M is contained in a hermitian quadric surface.

For the Levi-flat case, only two derivatives are needed, and M must be foliated

by complex hyperplanes as follows from the Detraz and Trépreau result.

Theorem 3. For a three times differentiable, lineally convex hypersurface M?"~1 C
C™, there is a positive measure on M for which the Leray-Aizenberg transform is

self-adjoint if and only if M is contained in the Mobius image of a sphere.

(The Leray-Aizenberg transform is the integral operator whose kernel is con-
structed using the supporting hyperplanes.)

It would be an interesting problem to estimate the norms of the Bochner-
Martinelli transform and the Leray-Aizenberg transform in terms of invariant quan-
tities derived from the quadratic forms L and Q.

The author thanks David E. Barrett for many helpful conversations during the
preparation of this paper.

2. MOBIUS INVARIANCE OF THE SECOND FUNDAMENTAL FORM

In this section we establish the biholomorphic invariance of L and the additional
Mobius invariance of @ when restricted to the complex tangent space. We also
demonstrate that the vanishing of ) on the complex tangent space is independent
of the choice of defining function.

By a Mobius transformation on C", we mean that after embedding C" in CP"
in the usual way, the transformation acts linearly in the homogeneous coordinates.

Alternately, a Mobius transformation is a fractional linear transformation.
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Definition. A Mdébius transformation is a function F = (f1,...,fn) : C* — C"

where f; = g;/gn+1,
9;(2) = ajr1z1+ -+ ajnzn + ajnt,
and det(a;j k) k=1, . n+1 = 1.

The condition det(a; ) = 1 only acts as a normalization. Indeed, if det(a; ) # 0,
then one can divide the rows of (a; ) by an appropriate constant in order to make
det(a; ) = 1. This has no affect on the transformation itself. Under composi-
tion, Mobius transformations form a group that acts on C™ and is isomorphic to
SLn+1((C)'

The complex tangent space at p consists of those vectors s = (s1,...,s,) for
which 3~ (9r/0z;)(p)s; = 0. This subspace of the tangent space is independent of
the choice of defining function.

Proposition 2. Suppose M?**~! C C" is twice differentiable near p € M and
w = F(2) is biholomorphic in a neighborhood U of p. Let r € C*(U) be a defining
function for M near p. Then M' = F(M NU) is twice differentiable and has

defining function ro F~1, and

(2) Lr,p(svi) = LroFfl,F(p)(F/(p)&F/(p)t)

for all s,t € C™*. In addition, if F is a Mdbius transformation and s and t are in

the complex tangent space of M, then

(3) Qr,p(sat) = QTOF*l,F(p)(FI(p)S,F,(p)t)'

Proof. Suppose that F' = (f1,..., fn). Then, a direct computation shows that (2)
is valid:
_ P((roF1oF) _ ?(roF~Y) (0f, Ofm -
Leals,) =2 0207, sh= D QW OW, (5‘»2]8]) (3% tk)

Jik Jik,lm

where the partial derivatives are evaluated at p or F(p) as appropriate. The right-

hand side of this equation is exactly L,op-1 g (F'(p)s, F'(p)t).
Likewise, working with the left-hand side of (3),

P((roFY)oF
@rpls:t) = Z ( 0202y, ! Sitk

ik
_ P(roF~1) (dfi Ofm AroF~Y) 9*fi
_j;m Ow; 0wy, <8zjsj> <8zktk> +JZ:M ow;  0z;0z Sith

where the partial derivatives are evaluated at p or F(p) as appropriate. The first
summation on the right-hand side of this equation is Q,op-1,p(p) (F'(p)s, F' (p)t).
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So we have left to check that for a Mobius transformation F', and for vectors s and
t in the complex tangent space,

Z 6(7’ o Fﬁl) 82f[
8wl 8zj8zk

Jiksl

So suppose fj = gj/gns1 (1 < j < n), gi(2) = ajuz1 + -+ + @jnZn + Gjnt
(1 <j<n+1), and det(ajx) = 1. A straightforward computation shows that

@ Z@(roF’ ) 92,

S ‘tk
ow 0z:0z °
ikl : Ok
-1
- 5(7” oF ) Qn+1,k Gnp41,5 Up41,7n41,k
=y T ow \ Wiz Tk s T2 5 | Sjtk
wy gn+1 gn-i—l gn+1

Jiksl

Moreover, since s and t are in the complex tangent space, then

or I(ror—! )8fl o OroF~1) [ a; A
Z 0z; 5= Z ow; 0z; 5= Z ow; g1~z ;=0

j il il it o
and
a?"tk:Za(T’OF)é}ﬁtk_za(’rOFl)<al’k —glanJrl’k)tk:O
- Oz, T owy 0z P owy In+1 Iri1

Using these last identities, along with (4), it follows that

Z AroF~Yy 9%f

8tk
o owy 020z,
or (n+1,k Antlj
=— s, SUARSLIH- : o,
— 0z ! Zk: In+1 z]: In+1 Z Oz
So the proposition is proved. [

Proposition 3. Let r and 7 be defining functions for a twice differentiable hyper-
surface M?"~1 C C™ with 7 = h-r for a twice differentiable function h > 0. Then,
Qrp(s,t) = h-Qrp(s,t) for vectors s,t in the complex tangent space. In particular,
if Qrp(s,t) =0 then also Qz (s, t) = 0.

Proof. This follows readily from the calculation

" 9*(h-r)
Qh P 5 t Z

Jh=1 8zjazk
— - ﬁr+@ﬁ+ﬁﬂ+ LQT St
o k=1 8Zj82k 3Zj 8Zk 8zk 6zj 3Zjazk itk

The first terms in the sum vanish since » = 0 on M, and the second and third terms
vanish, respectively, since ¢ and s are in the complex tangent space. The remaining
terms are exactly h - Qr p(s,t). O
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3. NORMALIZATION

Proposition 4. Suppose that a twice differentiable hypersurface M?"~' C C" has
defining function r with nonzero gradient, and at a fired p € M,
" or

- 8%r |
'%::1 2,07 (p)sjsk =0 for s = (s1,...,8,) with ; 872]

(p)s; =0.

J

Then there are a Mébius transformation F with F(p) =0 and ¢; € {—1,0,+1} so
that M’ = F(M) can be defined by

n—1

1 _
(5) r'(z) = 5(2n+2n)+26j|2j\2+0(|2|2).
j=1
Proof. To begin, we use a preliminary Mobius transformation composed of a trans-

lation and rotation so that we may assume p = 0 and M can be defined by

n n
r(z) = %(zn +Zn) + Z b; k2% + Real chzjzn + o(|z%).
Jk=1 j=1

Here, b; ;, € C with b; 1, = Ekyj for 1 <j,k<n,and c; € Cfor 1 <j <n. In this
situation, the hypothesis of the proposition is that r;,(0) = 0 for 1 < j,k < n, so
there are no zjz;, terms that appear in r for 1 < j,k < n. (We reiterate that the
hypothesis of the theorem is preserved by M&bius transformation and is independent
of the choice of defining function.)

We need to identify a further M&bius transformation F' so that F'(0) = 0 and
the surface M’ = F(M) can be defined as in (5). We mention that subscripts on
defining functions will always refer to partial derivatives.

Before doing so, we multiply the defining function r by the positive function
h(z) =1—2Real (2b1 nz1 + -+ 2bp—1 n2n—1 + bn.nzn) + 0(|2])

and continue to call the new defining function r. This has the effect of eliminating
the z;Z, and Z;z, terms while introducing possibly new constants c¢;. The same

surface M is then defined more economically by

n—1 n
1
(6) r(z) = §(zn +Z,) + Z b; kzjZK + Real chzjzn +o(]z]?).
jok=1 i=1

We now proceed to identify the transformation F so that (5) holds for ' = ro F~1.
To do this, suppose that F~! = (f1,..., f,) where f; = g;/gn+1 (1 < j < n)

and g;(z) = aj121 4+ -+ @jnzn + ajnp1 (1 < j<n+1). To make F(0) =

is necessary that a;,4+1 = 0 for j < n. We choose the normalization a,41,n+1 =1

rather than the usual normalization det(a; ) = 1. This does not affect the set of

transformations, but it does simplify the subsequent computations. Then, evaluated
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at 0, we find
Oft _ 09t 1 Ogn+1 g _ w—a @ —a
= — 1 O] = a1
82] 82'] Inil 0z 9244 Jo L 7

where in the last step we used a; 41 = 0. It follows that when evaluated at 0,

8TOF " or of 10fn  any

2550 205 2
So for F (and therefore F~1) to preserve the tangent plane at 0, it is necessary
that a, ; = 0 for j < n. Again, for simplicity we specify that a, , = 1. We have
then specified the (n+ 1)st column and the nth row of the (n+ 1) x (n+ 1) matrix
(ajk). In particular,

ajnr1 = 0if j<n
ntins1 = 1

an; = 0if j<n
Gnn = L

With these choices, the first-order expansion of r o F~! is still as claimed in (5).

To normalize the hermitian quadratic terms, notice first that

P(roF Y " 9% Ofi Ofm

@ azjazk < 0207, 02; 02 Z le(f?z @5k

In particular, since already a, ; = 0 for j < n, it follows that if 1 < j,k < n, then

O?(roF~1) i g2
78 — = Az A,50m, k-
2;0Z) = 02,0Zm,

s

We can then choose an invertible submatrix (a; k) k=1...n—1 S0 that (roF‘l)jj =€
for 1 < j < n, where ¢; € {—1,0,+1}, and (ro Ffl)ﬁ = 0 otherwise. In fact, the
submatrix is the composition of a unitary transformation and an invertible diagonal
matrix.

We next determine conditions on the constants a;,, 1 < j < n, so that on the
right-hand side of (5) there will still be no terms z;Z,, 1 < j < n. From (7) this

means

82(7“ o F_l) n—1 |
D S _ _
(8) 3zjazn Z l,j Z azlaz A o= dmn 0 for 1< j<n

=1

since an; = 0 for 1 < j < n. If (aj7k)j’k:1mn,1 is the inverse of the submatrix
(@j,k)jk=1..n—1, then after multiplying (8) by a’* and summing on 1 < j < n, we
find the equivalent condition

n 2 n—1 2
(9) Zaaiim:zaairamnf()forl<k<n
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(The first equality in (9) uses (6).) We choose a,,, = 0 for m < n. Notice also
from (7) and (6), and from our existing choices, that

O?(roF~1 zn: 0?r 0?r 0

— = ——— i nOmn = ——— = 0.

020 07%n < 020%™ T 02,07,
So far then, we have chosen constants so that the hermitian terms on the right-hand
side of (5) are as claimed.
We have left to determine constants a,1,; for 1 < j < n so that (TOF_l)nj =0

when these partials are evaluated at zero. To do this, notice that the second-order
partial derivatives of the g; are identically zero. So evaluated at 0, we find

Phi _ 0010gni1 1 g1 dg 1 Ogni1 0gni1 2g1

D20z, dz; Ozr 924 0z 0z g2 44 0z; Oz g3,

= —Q],j0n4+1,k — An+1,501 k-
Since we have just chosen a;,, = 0 for [ < n, we also find that

82(7“0F - &r Ofi Ofm Zn: o 0 fm
8zn6zj 8218zm 0z, 0% — 0z, 02,0%;

B Z": *r Ofn Ofm 1 % f
020,02 0z, 0%; 2 02,0z

1
= Z *“m,y Tt Cnln,j — 2(an+1,j + Ant1,n0n,j)-
In particular, when j = n,

_ —1
ProF 1) xem 1
= § — Om,n + Cnln,n — 7<an+1,n + an+1,nan,n) =Cn — Qp41,n-
02,02y, — 2 2

So to make (ro F~1),,, = 0, we choose 41, = ¢,,. Furthermore, when 1 < j < n,

— n—1
0?(roF~1) Z Cm 1
02,02 PR R
m=1
where we have used a,, ; = 0. So to make (r o F~!),,; = 0, we also choose
n—1
An+1,j = E :Cmam,j'
m=1

The constants on the right-hand side of this equation are already determined. O

4. RESTATEMENT OF THE VANISHING CONDITION

Our proof of Theorem 1 uses classical differential geometry. We use the following
notation, much of which is used in the book by Hicks [6], for instance.

The coordinates (z1,...,2,) € C" correspond with coordinates (z1,...,T2,) €
R?" according to z; = x;+ix;4,. Under this identification, the real Euclidean space
inherits a complex structure .JJ : TR?" — TR?" that corresponds with multiplication
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by i = /=1 and is given by J(0y,) = 0x,,,, J(s,,,) = —0s,. This structure
preserves the Euclidean inner product (-, -) on TR?". In fact, J* = —J and J? = —1.
The real tangent space of M is denoted by T'M. Then the complex tangent space
is the subspace HM = TM N J(TM).

Let N be a unit normal vector on M. The direction orthogonal to HM in T'M is
then JN. For X € TM, let d = dx be the Riemannian connection that M inherits
as a submanifold of R™. This connection is naturally symmetric and metric, so
[X,Y] = dxY —dyX for X,)Y € TM, and X(Y,Z) = (dxY,Z) + (Y,dx Z) for
X,Y.Z € TM. The complex structure and the Riemannian connection commute
with one another.

The Weingarten map is the operator S : TM — TM given by X € TM —
S(X) = dxN. This operator is self-adjoint. Connected to S is the second funda-
mental form. This is the symmetric bilinear form b(X,Y) = (SX,Y) = (dxN,Y).
The main structural equation for a hypersurface in Euclidean space is the Codazzi
equation. It says that for X,Y, Z € T M,

(dxSY —dySX, Z) = (S|X,Y), Z).

These equations are the compatibility conditions between the induced metric and
the second fundamental form for a surface in Euclidean space.

The following lemma shows how to express the vanishing of ) in this geometric
context.

Lemma 1. Suppose M?"~1 C C" is twice differentiable and, for all p € M,

(10) Qrp(s,8) =0 for s=(s1,...,8,) with Z %(p)sj =0.
J

j=1
Then b(X, JX) =0 and b(X, X) = b(JX, JX) for all X € HM.
Proof. We may assume the defining function is normalized so that |Vr| = 2. In
complex notation, N = (rq,...,r7). (The subscripts indicate taking antiholomor-
phic partial derivatives; the factor of 2 arises from 9z, = (1/2)(0y, + i0s,,,)-)

Suppose also that X = (s1,...,8,) € HM. Then JX = (isy,...,1S,), and using
the dot to represent the complex dot product, we find

b(X,JX)=(dxN,JX) =Real[dx N - JX]
=Real (E;;l(sjazj +35;0z,)(rg, - rw) - (=051, —iEn))
=Real (Z;k:l 7Z'TjESj§k — irj/kgjgk)

=Imag (szzl frjksjsk) =0.
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For the second claim, replace X by X +JX € HM. Then
0=bX+JX,J(X+JX))=bX+JX,JX — X)
=b

(X, JX) = b(X,X) +b(JX,JX) —b(JX, X)
—b(X, X) +b(JX, JX).

The lemma is then proved. (I

We mention that Robert Hermann [5] proved an analogous result for the Levi
form, namely £(X,Y) =b(X,Y) +b(JX,JY) for X, Y € HM.

5. PROOF IN DIMENSION TwoO

In complex dimension two, the vanishing condition says that the second funda-

mental form for M3 C C? can be given by the 3 x 3 matrix of real functions

a B v
6 A0
v 0 A

The rows and columns correspond with vectors JN, X, and J X, respectively, where
X € HM. These vectors can be assumed to have unit length. The Weingarten
map is then given by

S(JN) = aJN + BX +vJX
S(X) = BJN +AX
S(JX) = vJN + A X.

We choose X (and therefore JX) as in the following lemma. Then the connection

on M can be described quite simply in terms of the second fundamental form.

Lemma 2. Suppose M3 C C? is defined by r = r(21,22), which is normalized so
that |Vr| = 2. In complex notation, N = (rg,13) and JN = (irg,iry). The complex
tangent space is spanned by X = (rq,—r1) and JX = (irq, —ir1). Furthermore, if
Y € TM then (dy X,JX) = —(JN,dy N). In particular,

<dJNX, JX> = —«
(dxX,JX) = -8
<djxX, JX> = -7,

and dxJX = =AJN + X and djx X = A\JN —vJX.
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Proof. Using the dot to represent the complex dot product, we find
(dy X, JX) = Real [Y(X) - JX| = Real [Y(rg, —11) - (—irs, iry)]
= —Real [Y(re,r1) - (irg, iry)]
= —Real [(irg, irg) - Y (r1,72)]

= —Real [JN - Y (N)] = —(JN,dy N).

The remaining claims are special cases of this fact. ([l

Using Lemma 2, the Codazzi equation, and the symmetry of the connection, we

now prove the following lemma.

Lemma 3. Suppose M3 C C? is three times differentiable and has second funda-
mental form as described above. If A # 0, then

X(8) = =36y
JX(7) = +3p0y
X(y) = —ar+ A2 +28% — 42
JX(B) = +ar — N\ 4 5% — 292
X(a) = —ay + 29X
JX(a) = +af — 206\
X(A) = =37yA
JX()) = +3BA.

Before giving the proof, we make a few extra remarks about simplifying inner
products. For instance, in the proof we use repeatedly the derivation property of d
and the orthonormality of X, JX, JN. As an example,

(dx(aJN),X) = X(a){(JN,X) + a{dxJN, X)
= X(a) 0+ a(dxJN,X) = a{dxJN, X).
We also use the fact that J commutes with d and is antisymmetric. So
(dxJN,X) = (JdxN,X) = —(dxN,JX) = —(S(X),JX) =

and in particular, (dx(aJN),X) =a-0=0, as is used in part (a) of the proof.
Some expressions are simplified by combining the metric property of d with the

antisymmetry of J. For instance, in part (c) we use
<dJNX,JN> = <X,_dJNJN> = <X,—JdJNN> = <JX,dJNN> =7,

the first identity coming from JN{(X,JN) = 0 = (dyjnX,JN) + (X, djnJIN).

One more kind of simplification uses the fact that J preserves the inner product.
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(This also follows from J* = —J and J? = —I.) For instance, in part (c) we also
use

(dxJN,JX) = (JdxN,JX) = (dxN,X) = A.

We are now set for the proof.

Proof of Lemma 3. We begin by applying the Codazzi equation to all combinations

of tangent vectors. In particular, we apply the identity
(dxSY —dySX,Z) = (dxY —dy X,SZ).

to combinations of vectors X,Y, Z taken from among the special tangent vectors
X, JX,JN for the surface M?3. (This reformulated statement of the Codazzi equa-
tion follows from the statement in the previous section after using the symmetry of

the second fundamental form and the symmetry of the connection.)
(a) X,JN, X:

<dxs(JN)—dJNS(X),X> = <dx(OéJN+BX+’7JX) — dJN(ﬁJN+)\X),X>
= aldxJN, X) + X(8) + v{dxJX, X) — BldsnJIN, X) — IN(\)
= a-04+X(8)+v8+ By —JN(A)

and

(dxJN — dynX,8(X)) = (dxJN — dyn X, BN + AX)
= B0+ MdxJN,X) = BldynX,JN) —=X-0 = A-0— By

so that X (8) = JN(\) — 3067.
(b) JX, IN, JX:

(djxS(JN) —dynS(JX),JX)
— (dyx (N + BX +7JX) = dyn(7IN + AJX), JX)
= afdyx N, X) + B{dsx X, JX) + JX(7) —=y{dsn N, X) — JN(A)
=a-0-0y+JX(7) =8 —JIN())

and

(dyx TN — dynJX, S(TX)) = (dyx JN — dynJX,7IN + AT X)
= ’}/-0+/\<dij,X> —’Y<dJNX,N> —A-0=X-0+1~p3

so that JX (v) = JN(X) + 307.
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(c) X,IN, IX:

(dxS(JN) — dynS(X), JX)

— (dx (@IN + BX +4JX) — dyn(BIN + AX), JX)
afdx N, X) + {dx X, JX) + X(v) = B{dsnN, X) = Mdyn X, JX)
=aA—F+X(y) - B2 +ar

and

(dx IN—dynX,S(JX)) = (dx JN — dynX,7JN + AJX)
= 704 Mdx N, X) — y{dynX, JN) = MdynX, JX) = A2 — 42 + a)

so that X (7) = —aX + A2 + 242 — +2.
(d) JX,JN, X:

(djxS(JN)—dyjnS(JX),X)
—(dyx(aJN + BX +7JX) — dyn(vIN + AIX), X)
— aldyx IN, X) + JX(B) +y{dyx JX, X) — 7 (dynJN, X) — MdynJX, X)
= —a\+JX(B) +7+9* —aX

and

(djxJN —dynJX,S(X)) = (djxJN — djnJ X, BIN + AX)
=60+ MdsxJN,X) — BldyjnX,N) = MdsjnJ X, X) = =N+ 3% — a\

so that JX(B3) = aX — A2 + 32 — 2+2.
(e) X,JN, JN:

(dxS(JN)—-d;nS(X),JN)
(dx(aJN + BX +~JX) —d;n(BJN +AX), JN)
X(a) +ﬁ<dxX, JN> +’y(dXX, N> — JN(ﬁ) — )\<d]]\])(7 JN>
X(a)+B8-0—=9A=JN(B) = Ay

and

(dxJN —dyjnX,S(JN)) = (dxJN —djnX,aJN + X +~vJX)
=a-0+6{dxJN,X)+~v{dxN,X) —a{djnX,JN) — -0 —~y(d;nX,JX)
=03 04+9\—ay+yo

so that X (a) = JN(B) + 3y
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(f) IX,JN, JN:

(dyxS(JN)—dsnS(JX), JN)
= (dyx(aJN + BX +~vJX) — dsn(yJN + AJX), JN)

JX(a) + B(dsx X, JN) +v(djx X, N) — JN(y) — Mdyn X, N)

JX(a)+BA+7v-0—JN(vy)+ BA

and

(dyxIN — dynJX, S(IN)) = (dyx IN — dynJX,aJN + X +7JX)
:Oz~0+ﬁ<djxjN,X> +’Y<deN,X> — Oé(dJNX,N> _/3<dJNJX,X> —7v-0
=—-BA+v-0+0a8—ap

so that JX (a) = JN () — 308\
(g) X,JX, IX:

(dxS(JX) — dyxS(X), JX) = (dx (7IN + AJX) — dyx (BN + AX), JX)
= Y(dxN,X) + X(A) = B{dsx N, X) = Mdsx X, JX)
FA+XAN)—F-0+ Ay

and

<deX — d])(X,S(JX)> = <deX — deX,’yJN+)\JX>
= Ydx X, N) + A 0= {dyx X, JN) = Mdyx X, JX) = —7A =72 + Xy

so that X (\) = —3vA.
(h) X, JX, X:

(dxS(JX) — dyxS(X).X) = (dx(vIN + AJX) = dyx (BTN + AX), X)
Wdx JN, X) + Mdx JX, X) — B{dyx JN, X) — JX(\)
=70+ BN+ BA—JX(N)

and

<dij —deX,S(X)> = <dij —dJXX,ﬁJN+)\X>

Bldx X, N) + MdxJX, X) — B(dsx X, JN) = A-0
—BA+ BA— B

so that JX(\) = 306\
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So far we have established

X(B) = INQ) - 36
JX(y) = JN(N\) + 38y
X(y) = —ar+ A +28% -2

)
)
)
B) = +aX— A+ 3% — 292
)
)
)
)

X(a) = JN(B) + 37A
JX(a) = JN(v) — 368X
X(A\) = =39
JX(\) = +38\.

The lemma will be proved as soon as we verify

i) JN(A) =0
i) X(o) = —ay+29A
ill) JX(a) = af — 26\

This uses the symmetry of the connection. In particular, we apply the identity
dxJX —djxX = [X,JX] to each of A\, 8, and . Alternately, Lemma 2 says
—2MJN + X +~JX = [X, JX]. We also use the identities that have been proved
already.
Proof of (i): Applying the identity to A, we find

(—2AJN + BX +7JX)(A) = —2AIN(A) + B(=37A) +v(36X) = —2AIN(\)

and

X(JX(\) — JX(X(N) = X(36)) — JX(—37))
=3[(JN(A) = 3B7)A + B(=37A)] + 3[(JN(A) + 387)A +7(3BA)] = 6ATN(N),

s0 8AJN(A) = 0. Since A # 0, this proves (i).
Proof of (ii): Applying the identity to 3, we find

(=2M\JN + BX+vJX)(B)
= —2X\(X () — 39A) + B(=3B7) + v(aX — X* + 3% — 297)
= —2)\X () + ya + 5y\% — 2%y — 243
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and
X(JX () = JX(X(B)) = X(aA = X + 7 = 29%) — JX(=337)
= AX(a) + (0 — 20)X(\) + 26X (8) — 13X (3) + 38X (7) + 31T X(8)
= AX () + (a — 20)(=37\) + 2B8(=307) — 4y(—aX + \? +203% — ~?%)
+36(367) + 3v(ad = X + 8% — 29?)
= AX () + 4ay) —y\? — 293 — 232+,
50 3AX (a) = —3ayA + 6vA\? and X (a) = —ay + 2yA. This proves (ii).
Proof of (iii): Finally, applying the identity to -, we find
(—2AJIN + X +vJX)(7)
= —2A(JX () + 3BA) + B(—aX + A? +253% —4°) + 7(33)
= —2\JX(a) — faX — 5622 +23% + 202
and
X(JX (7)) = JX(X(7)) = X(367) — JX(—aA + X +26° — %)
=30X(Y) + 37X (B) + M X (a) + (o —20)JX(\) — 48T X (8) + 27T X (7)
=30(—aX + A? +26% —2%) + 3v(-307)
+ AT X (@) + (o — 20)(38A) — 48(aX — A2+ 5% — 2¢%) + 2v(353y)
= M X(a) — 4aB + BA? +26° + 2377
so that 3AJ X (a) = 3aBX — 68X and JX () = a3 — 28\. This proves (iii). O

Lemma 4. Let M3 C C? be as described above. If X\ # 0 and o+ \ # 0, then

_ B+ —ar
(a4 N2
is constant on M.
Proof. Using Lemma 2, [X,JX] = —2AJN 4 X 4+ vJX. So to prove that A is

constant on M, it is enough to show that X (A) =0 and JX(A) = 0.
To show that X (A) = 0, first notice that
X(B% +9%=a)) = 26X (B) + 29X (7) — AX (@) — aX(})
= 2B(=367) + 27(—aA + A* +28% — 7%) — A(—ay + 29)) — a(—=37X)
= —29(8% +7* — aN).
It follows that
B +7° —a))
(a+X)?

B —2(B% + 72 — a))
N (a+ A)3

X(a) + X(N)

—2
X = = (a+A)3

—2(8% ++% — a\)

(Y(a 4+ A) + (—ay +29A) + (=3yX)) = 0.
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Likewise, to show that JX(A) = 0, notice that
JX(B* +~*—aX) = 2BJX(B) + 2vJ X (7) — M X (a) — aJ X (N)
= 20(aX — A* + 57 — 29%) + 29(367) — Maf — 28)) — a(34N)
=28(8% + 7% — a)).
It follows that

C2B(8% +4% —a)) JX (o) + JX(N\)

2 2
JXW) == A e T e
282+ % —a)) B
== agop Bl —(af-26%) - (363) =0.
The lemma is then proved. O

Completion of the proof in dimension two. Here we prove Theorem 1 in the case
n = 2. To do this, normalize the surface so that it can be defined near p = 0 by
r(z) = 5(22 + Z2) + €2171 + 0(|2|?) for € = £1. Then perform a further Mébius
transformation

Flae =

so that M" = F~1(M) is defined by 7/(2) = €|21]® + €|22]* — € + o(|(21, 22 + €)|?)
and is therefore osculated to second order by the unit sphere at p’ = (0, —¢). This

21 €29+ 1
22—6’ Z9 — €

means that e = A =1and 8 =~v =0 at p/, so A = —1/4 at p’. By Lemma 4,
A =—1/4 on all of M’. Notice

Bty?—ar 1 )
CESNE 1

The left-hand side of the last identity is nonnegative and the right-hand side is
nonpositive, so both sides must be zero on M’. In particular, a =X and =7y =0
on M’ so M’ is everywhere umbilic. It then follows that M’ is spherical. (See
Hicks [6, p.36], for instance.) Since the Mdbius image of a sphere is a hermitian

quadric, the lemma is proved. (I

6. PROOF IN HIGHER DIMENSIONS

The proof in higher dimensions involves slices of complex dimension two. We
first show that if M?"~! C C" is a hypersurface that satisfies condition (1), then
a nontrivial intersection of M?"~! with a two dimensional vector space is a surface
that also satisfies condition (1).

Suppose the vector space is spanned by ¢,n € C™. If M is defined by r(z), then
the surface of intersection M C C? can be defined by 7¢7(w) = r(wi( + wan).
The complex tangent space is spanned by (s1,52) = (=Y, "kMks 2 TkCk). To
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verify condition (1) for M%", one shows first the identity

2 n
9%rém 9%r
11 = —1t
(11) Z Ow;Owy, 8wk Z 02,0z, 1k
I k=1 "7
for t; = —¢ >, +n5 >, 1¢. (We omit the details.) One sees readily that
t = (t1,...,t,) is in the complex tangent space of M, since

Dority =Y (=G Y ek +my Y riGe) = 0.
J J k k

The right-hand side of (11) is zero since condition (1) holds on M. It follows that
condition (1) holds on M%7 as well.

We finish the proof of Theorem 1 as follows. By Proposition 4, one can use a
Mobius transformation to normalize M?"~! C C™ so that it has defining function

1 n—1
r(2) = e+ 20+ L elal’ +oflo)
=
for z near 0 € M and ¢; € {—1,0,+1}. (Notice that 7 is not uniquely deter-
mined, but the second order information does identify a unique quadric.) Un-
der condition (1), we must show that the o(|z|?) terms can be taken to be zero.
If e, = (0,...,0,1), then it will be enough to check that for a dense set of
¢ = (¢, ,Cuo1,0) € 82773 x {0}, the surface M is hermitian quadric. In
particular, a dense subset of M is then contained in the quadric gotten by truncat-
ing the o(|z]?) terms from 7(z).

By the result of the previous section, it just needs to be checked that there is a
dense set of ¢ € $2"73 x {0} for which M%¢» is non Levi-flat. This is easy, since
M6 ¢ has defining function

o (w) = 3w + 1)+ n? 3 651G + offwl?).
j
Since M is non Levi-flat, not all of the €; are zero, so }; €;1¢j1* # 0 except for a

set of codimension one. Evidently this set is dense, so the theorem is proved.

7. PROOF OF THEOREMS 2 AND 3

The Bochner-Martinelli and Leray-Aizenberg kernels are special cases of Cauchy-
Fantappieé kernels. See Range [7] for a nice treatment of this larger topic.

We prove first the following proposition.

Proposition 5. Suppose M?"~1 C C" is three times differentiable, non Levi-flat,
and has unit normal vector Ny, at w € M. Then there is a twice differentiable
function h >0 on M with

(12) h(w)Ny, - (W —Z) = h(z)N, - (z —w) for all w,z € M

if and only if M is contained in a hermitian quadric surface in C™.
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(The dot product means to sum the products of the complex coordinates.)

Proof. Assuming (12), choose a defining function r so that |Vr(w)| = 2h(w). Then
h(w)Ny, = (r1(w), ..., (w)) where the subscripts refer to the holomorphic partial
derivatives of r; i.e., r; = 9r/0w; and r; = Or/0w;.

Then (12) can be written as

(13) Zr;(w)(wj —%) = er(z)(zj — w;) for all w,z € M.
F‘llrthermore,Jusing the Taylor eXpazlsionS
ry(u) = 75+ 3 [150(2) wr = 21) + 135(2) @k = 2)| + o — 2])
and
r(w) = r(2)+ 3 () w; = 25) +r5(2)(@; - )]

+Real »  rj(2)(w; — 2;) (wy — zx)
7.k

T Zrﬂ(z)(wj — 2j) (W — Z) + o(|w — z|?),
ik

along with r(w) =0 = r(z) for w,z € M, one can replace (13), for w, z € M, by

i Zlmag [rik(2)(w; — zj) (W, — 2z)] + o(|lw — z|*) =0.
.k

Considering just the quadratic terms and taking the limit as w approaches z, one

sees that this implies

(14) Imag erk(z)sjsk =0 for all s=(s1,...,8,) € TM,.
4k

In particular, if s € HM,, then applying (14) to both s € TM, and V/is € TM,
gives 3, 1 7jk(2)s;jsk = 0. So (1) holds, and M is contained in a hermitian quadric.
The reverse direction (that M contained in a hermitian quadric implies (12)) is

trivial, so we omit the proof. ([l

Theorems 2 and 3 follow from the proposition in a manner identical to the
situation for the corresponding theorems in the global case [3]. For completeness,

we outline the proofs here as well.

Proof of Theorem 2. The Bochner-Martinelli kernel is defined by

K(z,w) = (n = D! N - (W0 —2) for we M, z # w.

27m |lw — z|2"
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If dog is Euclidean surface measure, then the Bochner-Martinelli transform is the
operator f — K f defined for f € L?(M) by
Kf(z) = lim /weM fw)K(z,w)dog.

el0
|z—w|>e€

By the Calderén-Zygmund theory of singular integrals, the limit exists for almost
all z € M, and K is bounded on L?(M). Furthermore, the L?(M) adjoint of K has
kernel K (w, z), and K is self-adjoint in L?(M) if and only if K (z,w) = K (w, z) for
all z,w e M, z # w.

If one replaces Euclidean measure with the weighted measure h~'dog for some
twice differentiable function A > 0 on the boundary, then with respect to the new
measure the transform has kernel h(w)K(z,w). Furthermore, K is self-adjoint if
and only h(w)K (z,w) = h(z)K (w,z). This holds precisely when (12) is satisified.

So Theorem 2 follows from Proposition 5. (|

Proof of Theorem 3. A lineally convex hypersurface is one for which the complex
tangent space never intersects the domain itself; so if T$(M) = {w+v € C* :
>_;rj(w)v; = 0}, then T5 (M) C C" \ M for all w € M.

For this kind of hypersurface, the Leray-Aizenberg transform is the operator
defined for f € L*(M) by

(1 " w r(w) A (90r(w))"~! -
Cil=) = (m) ST S,y for # M

where the derivatives in the denominator refer to the holomorphic derivatives of r;

Le., rj = 0r/0w;. Similarly, r; = dr/0w;.

Given the convexity condition, i ~"dr(w) A (99r(w))"~ ! is a positive multiple of
Euclidean surface measure.

Furthermore, if (3 r;j(w)(w; — z;))" = Q_r3(2)(Z; — w;))" for all w,z € M,
then > r;(w)(w; — 2;) = >2r37(2)(Z; — w;) for all w,z € M. This can be proved
via a simple argument using Taylor expansions.

From the kernel, then, we find that C is self-adjoint with respect to weighted
measure on the boundary if and only if there is a twice differentiable function
h > 0 so that

h(w)zjrj(w)(wj —zj) = h(z)zjrjf(z)(ij —w;) for all w,ze M.
The vector (ry(w),. .., rm(w)) is a multiple of the normal vector N, so after taking
conjugates, this is the same condition as (12) for a possibly different function h. So

Theorem 3 also follows from Proposition 5. (]
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