SPECTRUM OF THE KERZMAN-STEIN OPERATOR FOR THE
ELLIPSE

MICHAEL BOLT

Abstract. The skew-hermitian part of the Cauchy operator, de ned with
respect to arclength measure on the boundary, is known as the Kerzman-Stein
operator. For an ellipse, the eigenvalues of this operator a re shown to have
multiplicity two. For an ellipse with small eccentricity, w e compute the leading
coe cient in the asymptotic expansion of the eigenvalues.

1. Introduction

In their study of Cauchy-Fantappe kernels and the Szeg) kernel in higher dimen-
sions, Kerzman and Stein discovered an elegant method for agputing the Riemann
map in one dimension. See [11, 12]. At the heart of their methd is the fact that,
for smooth, bounded domains, the Cauchy kernel and Szeg) keel have the same
principal singularity at the diagonal. In particular, the s kew-hermitian part of the
Cauchy operator, called the Kerzman-Stein operator, is corpact.

In a later article [10], Kerzman posed a number of problems aocerning this
operator, including the following.

Problem (Kerzman, 1979) Relate the spectrum of the Kerzman-Stein operator to
the geometry of the domain.

In a sense, the spectrum measures the error when the Cauchy kel is used
to approximate the Szeg) kernel, and may be useful for estimting the rate of
convergence of integral methods solutions to the Riemann na

Here we provide an answer to the problem for the case of an ghise with small
eccentricity. In the following theorem, the ellipse has ecentricity 2" =(1+ ).

Theorem. The Kerzman-Stein operator for an ellipse has eigenvaluesi | where

each i | has multiplicity 2. If the ellipse is parameterized byt ! €' + e ™ with
0< < 1,and 1 2 0, then as #0,
= 1 2 l+o(? 1) where0< | L

The coe cients | can be computed explicitly.

Since the operator is compact and skew-hermitian, its spectm will be discrete
and imaginary, except for an accumulation point at zero. It is known already that

Date : July 14, 2006.

1991 Mathematics Subject Classi cation.  45C05, 45E05, 30C40.

Key words and phrases. Kerzman-Stein operator, ellipse, eigenvalues.
1
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the Kerzman-Stein operator vanishes identically for a cirée. The ellipse, however,
is the rst simply-connected, smooth, bounded domain to be onsidered for this
problem after the disc.

It is known as well that the Kerzman-Stein operator is invariant under Mebius
transformations of the complex plane. So in a previous artite [4] the author com-
puted the spectrum for domains bounded by two circular arcs o two logarithmic
spirals|logarithmic spirals are known to have constant inv ersive curvature. The
ellipse, then, is the rst example for which there is no appaent Mebius symmetry.
See Wilker [19] or Co man and Frantz [6] for more on this topic.

Formally, Kerzman's problem is similar to Schi er's proble m of computing the
Fredholm eigenvalues of a plane domain [14, 15] which has beestudied exten-
sively. The similarity is explained by Burbea in [5], where he reduced Kerzman's
eigenvalue problem to a problem previously studied by Singj17]. The connection
between Singh's problem and the Fredholm eigenvalue probta is apparent, for in-
stance, in Bergman's book [3, p.71]. Loosely, Singh's probin can be interpreted
as a boundary analogue of the Fredholm eigenvalue problem. df an ellipse, the
Fredholm eigenvalues are known exactly|they are simply powers of the parameter

. For this fact, see [14, p.1195]. For more on the general praém, see also [2, 16].

The author thanks Professor Sidney Webster for supervisinghe work of his

doctoral dissertation, of which this was a part.

2. Preliminaries

We follow notation that Bell uses in his book [1]. Suppose C is a bounded
domain with twice di erentiable boundary, and let T = T(w) be the unit tangent
vector at w 2 @, oriented positively with respectto . If dsis arclength measure
on @, then the Kerzman-Stein operator is the operator de ned by

z z = !
M@= Azwimds, = - 1 T g,
@ @

w Zz w Zz

valid for f 2 L?2(@) and z 2 @. In fact, the kernel A(z;w) is bounded at the
diagonal|the apparent singularities cancel eaclp_aother. The space._?(@) is de ned
using the hermitian inner product (f;g9)e = @ fgds:

Since A(z;w) is bounded and @ has nite length, it follows that A is Hilbert-
Schmidt, and is therefore compact onL?(@). Since A is also skew-hermitian, the
spectral theorem says that its spectrum is discrete and bouded, and will consist of
imaginary eigenvalues whose only accumulation point is zer. If is unbounded or
if @ has a corner, however, this is not necessarily true. See [4for speci ¢ examples
when A is non-compact.

We point out two general facts about A that will be helpful to our study of the
ellipse. Let be the unitdisc, = fz:jzj< 1g.

emma 1. Supposeh: @ ! @ is biholomorphic in a neighborhood of@ and
hO is single-valued near@ . Then the Kerzman-Stein operator on L?(@) is
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unitary equivalent to the operator onL?(@) with kernel

n n |
iw” ho(w)p h(z) iz hqw) h9z)
h(w) h(z) h(w) h(z)

A(z;w) = % forw;z2 @ :

Proof. We rst establish an isometry L?(@) = L?(@) given by ( f h)pW) f.

Taking f;g 2 L?(@), this follows from
z z z

fgds=  (f h) (g h)jh%ds=  (f h)pﬁ)(g h) " hods:
@ @ @

Next, write for f 2 L2(@),
|

T T(29
T IO s

1

and replacew® = h(w), T(w9 = ]Ezm iw, and dsyo = jh9w)jds,, and also
2%= h(z) and T(z9 = 2 iz, Then,

Tho(2)]
(Ae f)_h(2)
z

|
iw ho(w) iz h%z)
@ hw) h(z)jhdw)j hw) h(z)ih%2)i

- % (f h)(w)jh%w)j ds,:

Multiplying both sides by P h9z) gives
p
(Ao h@ ) o
_ 1 2w hw g iz aw) Mo
20 g h(w) h(z) h(w) h(z)

and the lemma is proved.

(F hyw) Fow) dsy;

Lemma 2. The Kerzman-Stein operator commutes with the involution on L?(@)
given byf | fT ;thatis, A f = Af. So the (imaginary) spectrum of A is sym-
metric with respect to 0.

Proof. Notice that
! !
T(w) T(2)

T2 Tw)

] _ 1 1 =
AW =5 W2 w2z "2 w2z wz W
!
= % %+ % TW)T(2) = A(z;w) T(W)T (2);
)
Z A

A f= A(z;w)f (Ww)T(w)ds, = A(z,w)f(w)ds, T(z) = Af:
@ @

So, if Af = if ,thenalsoA f = Af = (if )= i f,and the lemma is
proved.
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3. Approximation by Finite Rank Operators on the Unit Circle

The theorem is proved as follows. Using Lemma 1, we transfornthe problem
from the ellipse to an equivalent problem on the disc. We expess the new kernel
using a double Fourier series, and approximate the operatousing nite rank op-
erators with kernels that have rapidly decaying coe cients. We then estimate the
eigenvalues of the approximating operators. Finally, we us the Cauchy interlace
theorem and a previous estimate of Feldman, Krupnik, and Spkovsky in order to
bound the leading coe cients.

3.1. Pulling the Kerzman-Stein operator back to the unit disk. For the
ellipse, take 0< < 1l andh(z)= z+ =z. Then, using the expansions
P X3y
h9z) = 1?—_ j(l)zTJ
j=0
and

h(w) h(z) = (w+ ) (z+)=(w 200 )
and also the identitiesw =1=w, Z= 1=z, and

iz iw
Z W w z

forw;z 2 @, we nd by Lemma 1 that the Kerzman-Stein operator for the el lipse
is unitary equivalent to the operator on L?(@) with kernel

W o 101 _ _
( 1)J+k j+k+1 2 2 W 2j IZ 2k 1 W2]+I22k+l :
w z i k

A(z;w) = Zi
ikl 0

The order of summation can be taken symmetrically with respet to j; k; I ; that is,
the partial sums ares, = |, ., ,- We will see that these partial sums are each
divisible by w  z.

Next, identify @ with the intervad [0 ;2 ]and use the standard basi$ ;gj.z for
L2([0;2 ]) given by j(s) = €= 2 . In terms of this basis, the Kerzman-Stein
operator has kernel

1 €S
At,S = —
(ts) 2 es ¢t .
i
( 1)j+k j+k+1 % % g i@i+Dsg i@k+ Nt H@j+Dsgi@k+Dt .
ik ’
ikl 0

or alternately, X
A(t;s) = aix () «k(s)

jk2z
for real coe cients ajx that satisfy

() ax =Oifboth jik< 0,if both j;k 0, orif j +k is odd.
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(i) axk = “2 b ifj< 0 k;the by are determined by
X _ w X 11
Q'k szk: ( 1)J+k 2 2 W2]+I22k+l:
>0k 0 k0 ] k
j+tk+1>0
i) ax = ag; forall j;k.
j; i J

(iv) agx = aj 1; « 1 forall jk.

As an operator, A then behaves as multiplication by the matrix (ax )jx 2z.

Proof of (i)-(iv). To prove (i), rewrite A(z;w) using the expansion

1 X 11 w X X 11
= — 1 w'z )itk 2 2 2 g%k
2 w2n z2n w oz ) - ] k
n>0 0Ol n j+”|§:n0|
_ 1 X n 101 w 15 1, noin1
=5 w2 72n 1 v — QW + Wz EZ w' "z
n> 0
X X ) 1 1 )
+ w'z' ( 1y+k 2 Ii wa 2%k
0Ol n 2 jk 0 J

jfk=n |

We have assumech &' j + k+1> 0 since the terms forn = 0 cancel; we have also
interchanged indicesj; k in the term w 2 'z 2k | and factored out the quantity
(w 2"z 2" 1). Since

( 1)j+k

= NI
XN

ik 0
j+k=m

form 2, as shown in the next section, we may divide the quantity in rackets by
w  z (rather, we divide by w? z2, but w z is a factor of this) and obtain
X i k= X no 11 X Il X
ax 22w © = > Tan w'z
_ w2n z
jk2z n>0 0l n 1 1 p 2(n )

X X 2n+1 | | 2n |
= nCp:n | ) n++pz p W+pZn p,

Gon WP 20 D P

n> 0 0O I n
1 p 2(n 1)

for real coe cients c,m, 1 p 2m, that can be given explicitly in terms of the
binomial coe cients. The rst terms on the right-hand side h ave the formzi w K
for integersj; k satisfyingj< 0,k 0, andj + k even. The second terms have the
form zZl w K for integersj; k satisfyingj 0,k < 0, andj + k even. The coe cients
a;k for the remaining j;k must be zero, so (i) is proved. To prove (i), start with
the nth degree terms in the de nition of the by ,

X _ w X _
by W2 = —— (1

> 0k 0 W jikil 0

j+k=n 2(j+k+1)=n

2] +15,2k+1.

w 4

= NI
XN
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then multiply both sides by "2 and sum onn 1. After substituting w = €S

andz = €', and replacingj !  j on the left-hand side we obtain
X itk ijs ikt es j+k j+k+1 : 3 (2] +1)s 4 (2k+ Dt
= bxe ¢ e ( 1Ytk 2 2 d@j+hsg@k+l)
<0 jikil 0
k 0 j+k+>0
X it o ks X it o ks
= ax €' e = ag e e "
k< 0;j O k< 0;j O
The third equality uses (iii), which is proved next. Then, interchangingj;k in the
last expression givesay, = —p ik and (ii) is proved. To prove (iii), use the
identity €5=(e5 €')=e t=(e ® e 8)to verify that A(s;t)= A(t;s). Then
X X
gk j(s) «(t) = g () «(s);
and after interchanging j; k, it follows that ajx = a; . To prove (iv), rst verify

that A(t;s) = A(t;s)e Set. Then
X X

aix () «k(s) = Ak j+1(t) ke (s) = « a 1k 1 j(0) «(s)
= aj ka1 () «@s):

The second equality uses the replacementg ! j 1, k! k 1, and the third
equality uses the replacementg !  j, k! k, and the fact that ;= .

These properties enable us to show the eigenspacesfare even-dimensional.

Lemma 3. If the Kerzman-Stgn operator has an eigenvalué that corresponds

With eigenvectorv = vt = v; j, then it has a second eigenvectoBZ?+ =
Vi Ighat corresponds withi . There are also eigenvectorsy! = = v |
andv® =V 1 j that correspond with eigenvalue i

1+ _ P 1+ _ AP _P
Broof. Suppose thatv:* = Vi j SOAV™T = A( i Vi i)= ik 8k Vi and
« @ik Vk = iv j for eachj. Then, using (iv),
X

2+ — — — i — iy 2t
Av=" = VvV k1= aj 1,k 1Vki1ij= iv 1 =ivet:
Jik jik j
A parity argument shows that v:* and v* can be made independent of one
another. To see this, decompose
s X X
— def .
V = Vodd + Veven = Vj + Vi -
j odd j even
If Voaa 6 0, then replace v = vi* = v,y ; else replacevt* = Vaspn - Then, Avt* =
b b still holds, sinceajx =0 for j + k odd. Moreover,v'* = =, v; j andv®* =

iV will have opposite odd/even parity, and W,gl therefore be orthogonal.

Finally, we describe the opposite eigenspace. W' = i Vioj.we nd
1. X X . .
Av®: = ak Vk | = Gk Vk j = v j = v
E’i’k ik j
Then alsov® = v ; ; j is an eigenvector corresponding with i , since it is
gotten from v in the same way that v>* is gotten from v+ .
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From now on, we associate the spectrum oA with a list of values 1 2
0, so the eigenvalues of are i j, where each i ; has multiplicity 2.
3.2. Approximation by nite rank operators. We now pass to a set of nite
rank operators A, with degenerate kernel
2}( 1
An(t;s) = akj(t) m:
jk= 2n

The rank of A, is at most 4n. Furthermore, Lemma 3 also holds for theA, since
the span of on;:::; 2n 1 is unchanged under the transformation ; !
We then associate the spectrum ofA, with a list of values 1 n O, so
that the eigenvalues ofA, are i j and each i j has multiplicity 2.

As an operator, A, acts as multiplication by the matrix ( @k )jk= 2n:: 2n 1.

To illustrate this, we show the matrix for Az in Figure 1. The columns and rows
are indexed over 6; 5;:::;+5. Notice that the matrix is skew-hermitian (in

2 s s 5 3
25 81

0 0 0 0 0 0 - 0 -2 0o & o0

0 0 0 0 o o o -3° o &' o 8°

) 16 3 128 ’ 128

0 0 0 0 0 0 4« 0 = o %- o0

52 53 25 4

0 0 0 0 0 o 0 -3 0 5 0o =

52 33
0 0 0 0 0 0 — 0 3~ (2 e (2
0 0 0 0 0 0o 0 0 - 0 &
3 2

& 03 - 02 3 0 o0 0 0 0 0 0

o % 0 3% 0 - 0 O 0 0 0 0

B1 9 81 9 52 90 0 0 0 0 0 0
128 4 8 3 8 )

o &_ o 5 0 — 0 0 0 0 0 0
g1 5 128 g1 8 33 8

B O o 0 . 03 0 0 0 0 0 0

0 81 0 25 0 —-— O 0 0 0 0 0

16
Figure 1. The matrix associated to A3

fact, real skew-symmetric) and the powers of increase away from the diagonal.
This illustrates properties (i) and (iii) of the aj;x . Properties (i) and (iv) are also
apparent. The innermost4 4 and 8 8 submatrices correspond withA; and A,
respectively.

The next result assumes that # 0, so we are considering only ellipses with small
eccentricity.

Lemma 4. As described above, associate the spectrum Af, with the list of values
1 n 0. .Then,forl | n,

1= 2 T4+o(? 1 for constants | > O

The coe cients | can be computed explicitly.
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Proof. Consider rst the characteristic polynomial of the matrix a ssociated toA,,,

X 1 Xxn _ i
p( ) =det(An 1) = (1 (& P = D 5
j= 2n j=0
where jx =1if j = kand jx =0if j 6 k. The sum is taken over permutations
off 2n;:::;2n 1gand ( 1) indicates the signature of a permutation

The zeros ofp( ) are the eigenvalues ofA,, and the coe cients ; are the sums
of products of eigenvalues take at a time. Consider speci cally the coe cient 4
in the expression. A permutation contributes a term to this coe cient only if it acts
identically on 4n 4l entries. (There are zeros along the diagonal of matrix & ).)

Of these permutations, only those that act identically away from f 2I;:::;2 1g
contribute a term with factor 4”. The others contribute higher powers of ; this
uses (ii). In fact, the permutations that act identically aw ay fromf 2I;:::;21 1g

contribute det A, to the coecient 4, and 4 =det A} + o 4'2):

Next, sinceA, is skew-symmetric and zero in its upper-left and lower-righ quad-
rants, its determinant is the square of the determinant of its upper-right quadrant.
The entries in the upper-right quadrant are b ik » SO detA| = 4'Z(detB|)2
where B, is the matrix

B = (h;k )j =1;:;2
k=0

(This also involves interchanging an even number of rows, buthis doesn't a ect
the determinant.) It follows that 4 = #°(detB)2 + of 4°).
Proposition 1, stated and proved in the next section, says tlat det B, 6 O for

eachl. So then 4 is always comparable to 4% In particular, when | =1, the
product of the four largest eigenvalues is comparable to 4. That is,
1) T=GiDEE YO )= 2 f+o( )

for § 6 0. In general, the product of the 4l largest eigenvalues is comparable to
4% That is

2) I R
for °60. From (1) and (2) it follows inductively that | = | 2 1+ o 2 1) for
| 8 0. Next, since | = O( ? 1) for eachl, we conclude that 4 and § % ?

agree to order 4*, and
3) 44 4= “(detB)2+ of )

It now follows inductively from (3) that ; = (det B;)¥¥?, and for | > 1, | =
(detB))¥*? (detB, ;) '*2: So the lemma is proved.

Using a result of Hermann Weyl [18], we recover the same infonation for A
that we now have for A,,. Weyl proved the result for the case of symmetric kernels;
the proof is the same for the case of hermitian or skew-hermican kernels. See also
Porter and Stirling [13, p.146-147].
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Lemma 5. SupposeK ? and K ®are symmetric kernels in L?[(a;b) (a;b)] and

denote by 1; 2;::: the eigenvalues for any such kernel, repeated according to
multiplicity, and arranged so thatj 1j | 2j . Then,
ke (KO KO j e (KOj+ ] ke (KO
Using the lemma, setk °= A,, K®= A A,,j=1 1,andk=0. Then

JaA)) 7 A+ ] (A A
Also, if K9= A and K= A, A then
Ji(ADI T A+ (A A

This means that the eigenvalues ofA agree with the eigenvalues ofA, to within
i 1(A  Ap)j. So by (i), they agree to within O( "*1), since this is the Hilbert-
Schmidt norm of A A,.

Returning to the notation with eigenvalues i | arranged with ; 2 ,
where each i | has multiplicity 2, we now choosen 2| 1 and nd
(A)= 1(An)+ O( )= | 2 t+o( )

where the | 6 0 are speci ed in the proof of Lemma 4. Apart from Proposition 1,
then, we have left to show only that the | are bounded by 1.

3.3. Bounding the coe cients. We start with a variant of the Cauchy interlace
theorem. Following our earlier convention, associate the gectra of A; and A ;
with values 1 2 i Oand 2 1 1O, respectively.
Then, the relevant minimax formula for ., is
(= min maXJ(v,_AN)J :
Up;isu v (v;v)

where the maximum is taken over vectorsv orthogonal to vectors us;:::;u; and
their images under the transformations

P P P P

Vk k! Vikik VY ki Vika1k

that occur in Lemma 3. Notice that A, is gotten from A; ; by adding 4 rows and
columns, but these rows and columns correspond with a singleector (for instance,
V= g 1+ 2 2)andits transformations. Then, following the usual proof of the
interlace theorem as given by Franklin [8], for instance, itfollows that

1 1 2 2 1 > 0

Next, we use Feldman, Krupnik, and Spitkovsky's estimate [] that says kAk < 1
for any ellipse, and in particular, ; < 1. Then

detA; = ( 1 2 Dt < (@ 2 Dt @ 1 1 1)* = det Ay g
This is true for any , so letting " 1 gives

(detB)? = (det(Bx )j=1::20 )>  (det(x)j=1;:520 2)° = (det By 1)?;
k=02l 1 k=02l 3

and therefore, | 1.
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Numerically, it seems that the coe cients | increase with an upper limit of 1.

Figure 2 illustrates this behavior for 1 | 40. The rst few leading coe cients
|
O R
05
‘ ‘ ‘ ]
10 20 30 40
Figure 2. Plot of the leading coe cients, |, for1 | 40.

are | =1=2, , =25=32, 3 =441=512, and 4 = 184041=204800. The author
determined these coe cients using Mathematica.

4. Proof of Proposition 1

The de nition of the b in the proposition below is slightly di erent from the
previous section|we have multiplied the right-hand side by z. So the coe cients
b for 1 ik 2m in this section correspond with the coe cients by for
1 2m, 0 k 2m 1 in the previous section. The order of summation
can again be taken symmetrically with respect tow ar&;j z; for instance, use partial
sums for the left-hand side, and partial sums ., |, for the right-hand
side.

j+k n

Proposition 1.  Let coe cients by be determined by the equation

X wz 1
L e L

b w! z* = vz (v 2
jk=1:1 jikil =0 1 J
j+k+I> 0

25 +1

X Nl

2k+1.

w 4

If By is the matrix (Bix )ik =1::2m, then detBy 6 0 for m > 0.

The proof is combinatorial in nature, and depends on the factthat the by are
dyadic rational; that is, they are either zero or they have the formr =2" u for u
odd andn 2 Z. We use the valuationj j, de ned on all rationals according to

- 2" ifréo0
M2=""9  itr=o0
where in the rst caser = 2" u=v for odd u;v. For example, j5=8j, = 8. The
valuation has the following properties (see Jacobson [9, A11]):

(@) jrarzjz = jrajz jrej2

(b) jritraj2  max(jrijo;jraj2), with equality only if jrijo 6 jrajoorrp =r, =0
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The proof of Proposition 1 is structured asgoll%vs. Let range over all permuta-
tions of f1;:::;2mg. Then, since detB, = j=1::2m (1) B, we have
Y
jdetBmj> max ] b, |
j=1::2m

This will be an equality provided there is a unique permutation for which the max-
imum is attained. We will nd such a maximizing permutation, thenjdetBnyj, 60
and detBy, 6 0. That is, we will show det B, is nonzero dyadic rational.

We begin by introducing intermediate coe cients d;x de ned by

X j 7K X j+k 3 3 2j 2k
dix Wz“ = wz+ ( 1)tk 2 Ii w2l 72k
jk=0::1 ik =0 1 J

j+k> 0
and we claim that if n is xed, then P j+k=n Gix = 0. For n =2, itis easy to
check that dp., + dig + dp.o =( 1=2)+1+( 1=2)=0. For Iarq;r n, notice that
dix =0 if either j or k is odd. In particular, if nis odd then ;. ,_, djx =0.
There remains the case whem =2pforp 2. We nd that

X X R
dx = e 22
_ i = (1) [
j+k=n jtk=p
and this is the coe cient of xP in the expansion
___p__ X _ i1
1 x="P1Tx P == ( 1)*K 12 Iix“";

ik 0
which is evidently zero. So the claim is proved.

We may then divide by w  z (rather, we divide by w? z?, but w z is a factor
of this) and obtain coe cients ¢k that satisfy

X , X .
Gk W zk = wez dix W Z¥:

. w oz

jk=1:1 jk=0::1
The ¢k and djx are related by
4) Cr;1= Ono and Gy jj+1 = dy jj +Cy jsry for 1 j<n
Notice in particular that c;.; = 1=2 andc;., =1=2.

Following Jacobson [9, p.211], dene (r) = log,jrj and (0) = 1. For

example, (5=8) = log,8 = 3. Then the following properties of are equivalent

to the corresponding properties ofj j,; we will use both repeatedly:
(@ (rarz)= (ra)+ (r2)
(b) (ry+r2) min( (ry); (r2)), with equality only if (ry) 6 (rp)orry =
rr=0
Observe tha‘aif bxc denotes the greatest integer less than or equal tx, then
( 11:2 )= p oP=2°cforj 0, since

;@ AH G i+,
j ! '
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On the right-hand side of this identity, the j multiplicative factors each contribute
a factor of 1/2, and the j! contributes bj=2c + bj=4c + hj=8c + factors of 1=2
sincebj=2c is the number of multiples of  in 1;2;:::;j.

Using this, we can compute the values (djx ) and obtain a lower estimate for
the values (Gjx ).

P

Lemma 6. If 1 | n, then (Gn+1 ) p> obn=2°c: There is equality
whenn is a positive power of2.
Proof. If nis odd thend;, ; 0,s0Cn+1 j Oand (Gn+1 j) 1 ,andif
n =2 we see directly that (cz1) = (c12) = 1. So supposen 4 is even, then
dpn ; = O0if j is odd, anddy, ; = ( 1)=2 j;g (nlzjizz if j is even. So ifj is
even,

X ke X o

(din )= (bﬁc+ bFC) bﬁc;
p o p>0

and since thec;, +1 ; are combinations of thed;, ; by (4) we have proved the
rst part of the lemma.
If n=2%for g 1; we show there is equality. First, notice that (dj2 ;) =
(0)= 1 ifj is odd. Next,

24

21 0 X oq
(d2a;0) = (bﬁc"' bﬁc) = bﬁci
p O p>0
and for0<j< 29 j even,
X 2 1 X 2z X
(dzq Ji ): (bTC"' bﬁc) > bEC: bﬁc
p O p O p>0

Here the inequality is strict because whenp= q 1, then

201 J J_ 2q

2 2 A T
b2p c+ b§C_0+O < 1—b§c.

Using (4), it then follows for 1 j 29 that jg; 2041 jj2 =
the lemma is proved.

p> 0P29=2°¢c, and
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P
Next we show that b = 5. min(j 1k 1) G nk 1: This follows from
X min( ]X Lk 1) _ ha X _
G oWz = G kw2 w'Z
jk=1::1 1=0 1=0 jk=I1+1::1
X X .
= Gk Wz w'Z
1=0 jjk =1::1
= dix W Z¥w'Z!
=0 W Zj'k =0::1
2 T 3
3 X ) 1 1 )
_ Wz ng+ (1)ytk 22 WZJZZkgWIZI
1=0 w z jk =0 1 J k
j+k> 0
_ _wz X ( 1)j+k % % WA+l 72k
w z jkil =0 1 J k
j+rk+1>0
We now estimate the value of on the b .
Lemma 7. If 1 | n, then (bin+1 ) p> obn=2Pc. There is equality
whenn is a positive power of2.
Proof. Using Lemma 6 we compute
min(jxl;n i)
(bn+1 )= ( G tn+l j 1) min (G ke o)
=0 1I=0:::min(j Ln j)
. X n 2 X n
min = b—c:
I1=0::min(j L;n j)) 050 2P 0> 0 2P
Furthermore, if n =29 for q 1, then forl 60,
X 24 2 X 2
i L29+1 j | 7 C = i 29+1 ).
(g ) 5 C> bzpc (g ):
p>0 p>0
So we nd that
min( j x1;2 )
(2041 )= ( G 29+l j 1)
1=0
_ X bzq
= min L i = 2 i)= —C;
1=0 =:min(j 1,29 j) (C] bt ] I) (CJ S J) p>0 e

and the lemma is proved.

We [gome now to the proof of the proposition, and as a matter of ptation set
n= s obn=(2P)c: Then the previous lemma says (b ) j+k 1 for any
j; k with equality provided j + k 1 is a positive pover of 2. We claimthere is

a unique permutation of f1;:::;2mg that maximizes jzfl i+ 1 and for this
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permutation, j + ; 1 is a positive power of2 for all j. The proposition then
follows since
X X X X
(B ;) j+ 17 j+ 17 (b; )
j=1::2m j=1::2m j=1::2m j=1::2m

for any other permutation . In particular, (detBy) = P j=1:2m (B ;) 61,
and detBy, 6 0.

We describe how is chosen. Asj + k 1 increases through the even numbers,
there is a signi cant drop in the value of (b.x ) whenj+k 1 reaches a power of 2; in
fact, the size of the drop increases with successive powers2 So working from the

lower-right of the matrix, choose the permutation sothatj+ ; 1is the largest
possible power of 2. This determines ; for the range 2 2m < j 2m, where
29 1< 2m 29, Inparticular, restricts to a permutation of f29 2m+1;:::;2mg.

Now repeat the procedure for the remaining (2 2m) (29 2m) upper-left
submatrix and continue. This procedure ﬂ,miquely determines a Bermutation and
the claim says that  uniquely minimizes _;..,,, (b; ;)= j=12m 4 10

sothat 29 1 < 2m 29 we will nd that

(
. 29 j+1 if29 2m<j 2m

h = q .
I 2% 2m otherwise.

J

As an example, in Figure 3 we show the matrices with entries (b ) and .,
for1 j;k 2m, wherem = 3. (See Figure 1 for the related matrix A3.) The

0 1 0 1
1 11 3 1 4 0O 1 1 3 3 4
11 3 1 4 1 1 1 3 3 4 4
1 3 1 3 1 7 1 3 3 4 4 7
3 1 3 1 7 1 3 3 4 4 7 7
1 4 1 7 1 7 3 4 4 717 7 8
4 1 7 1 7 1 4 4 7 7 8 8

Figure 3.  The matrices ( (b ))jk =1;:6 @nd ( 1y 1)ik=1::6

permutation that produces the min'E,naI value for P j (by; ;) is indicated in bold
typeface. We nd that (detBeg)= ; (b; ;)= 30.

The claim is proved using induction onm and requires two steps. The rst step
says that the optimal permutation must restrict to a permuta tion of f29 2m +

establishes the base of the induction as a special case; thade of the induction
occurs when 2n =29, q 1.

STEP 1: E, i 29 2m for gq 2m < j 2m, then there is a permutation
such that I=1::2m I+ ; 1 < I=1::2m I+ [ 1°
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Proof of Step 1. The proof of this step is inductive on j, beginning with j = 2m.
So suppose rst that 2m8 29  2m and de ne

220 2m+1 ifl=2m

1= > 2m ifl = deZEf qu 2m+1
T otherwise
sothat ,, = jo=29 2m+1and jo= 2m; otherwise, and agree. Then,
X 2m+ ,m 1 j% (@29 2m+1) 1
am+ on 1t jor 0 17 b zpm c+b 2p ¢
p>0
X 2q4 04 1 X o i O+ 1
< b J 2m c= boc+p 2 ¢
p 2p 2P
p>0 p>0
X om+ 1% o 1
= b Zsm c+b ij C= o2m+ ,, 1t jos REEE
p>0

Here, the rst and last equalities are by de nition, the stri ct inequality occurs since
both 2m+ ,, 1< 29andj%+29 2m< 29, and the sqund equality occurs
gncej®+ om 1 2m+(29 2m) 1< 2% dtfollowsthat ;.on 14, 1<
I=1::2m |+ | 1
For the inductive step, pick the largestj suchthat ; 29 2mand 29 2m<
j 2m. Like before, de ng O by
2 29 j+1 if 1=
P= ,— it 1= 0% Ll
: | otherwise

sothat 2= jo=29 j+land %= ;. gonsider the two possible cases:

Case L:If j>j Othen .. .,0 v, 1< |21uom 1+ o1 since as before,

X i ) i0 q H
- i+ 1 e j+1) 1
(5) j+i 1+ j0+j0 1~ b 2p C+b 2p C
p>0
X o004 o+ 1 X o0 0%+ . 1
i - J i
p>0 p>0
X j+ 0 1 %+ & 1
= b le ctbhb ij C= j+ ? 1t o % 1-
p>0
Here, the strict inequality occurs sincej + ; 1 2m+ (29 2m) 1< 2% and

jO+(29 j+1) 1<j +(9 j)=29 and the second equality occurs since
% j 1 2m+(29 2m) 1< 2%
Case 2:1f j<j © then thg inequality in (5) is yeak since;] 0+(29 j+1) 1> 29,

Nevertheless, we recover _;..on 1+, 1 I=Lmom 1+ 0 , for the permutation
Ofor which joo = ; 29 2mandj°>]j . Inductively, then, there is a permutation
so that X X X
I+ 1 + 0 1< I+, 1

I=1::2m 1=1::2m 1=1::2m
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and the proof of Step 1 is complete.

STEP 2: If b 629 j+1for soge X 2m<j 2m then there is a permutation

such that I=1::2m I+ ; 1 < I=1::2m I+ ; 1°
Proof of Step 2. After Step 1 we may assume that 2 2m < 2m for all
29 2m<j 2m, and we compute
X i+ 1 X i+ 1 X i+ 1
b#c: bjilc+ b#a
2p _ 2p 2p
p> 0 pP=q 0O<p<q
24 2m<j 2m 20 2mg 2m 24 2mgqj 2m
sincej + ; 1< 29* for all j. The rst sum on the right-hand side gives the
number ofj for whichj + ; 1 29, and since
X

G+ ; =2 [(29 2m+1)+ +(2m)] [2m (29 2m)]
20 2m<j  2m
=(@4m 29)29%
the second sum is no larger than
X L4m_ 292°

5 c=(@m 29) 291+ +2 =(4m 2929 2):

0<p<q
It follows that 4 ,mg  om j+ , 1 IS NO larger than
(Am 29+(@m 2929 2)=@4m 2929 1),

with equality possible only if j + ; 1 29 forall 29 2m<j 2m. But this
requires that ; =29 | +1 for all such j, and in that case there is equality, since
X 24

b>pc=(4m 292" Y+ +)=@4m 2929 1)
p> 0
24 2m<j 2m

This completes the proof of Step 2, so the claim is also proved
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