SPECTRUM OF THE KERZMAN-STEIN OPERATOR FOR THE
ELLIPSE

MICHAEL BOLT

ABSTRACT. The skew-hermitian part of the Cauchy operator, defined with
respect to arclength measure on the boundary, is known as the Kerzman-Stein
operator. For an ellipse, the eigenvalues of this operator are shown to have
multiplicity two. For an ellipse with small eccentricity, we compute the leading
coefficient in the asymptotic expansion of the eigenvalues.

1. INTRODUCTION

In their study of Cauchy-Fantappie kernels and the Szegd kernel in higher dimen-
sions, Kerzman and Stein discovered an elegant method for computing the Riemann
map in one dimension. See [11, 12]. At the heart of their method is the fact that,
for smooth, bounded domains, the Cauchy kernel and Szegé kernel have the same
principal singularity at the diagonal. In particular, the skew-hermitian part of the
Cauchy operator, called the Kerzman-Stein operator, is compact.

In a later article [10], Kerzman posed a number of problems concerning this
operator, including the following.

Problem (Kerzman, 1979). Relate the spectrum of the Kerzman-Stein operator to
the geometry of the domain.

In a sense, the spectrum measures the error when the Cauchy kernel is used
to approximate the Szegé kernel, and may be useful for estimating the rate of
convergence of integral methods solutions to the Riemann map.

Here we provide an answer to the problem for the case of an ellipse with small
eccentricity. In the following theorem, the ellipse has eccentricity 2/p/(1 + p).

Theorem. The Kerzman-Stein operator for an ellipse has eigenvalues £iX\; where
each +i\; has multiplicity 2. If the ellipse is parameterized by t — e + pe™% with
O<p<l,and Ay >Xy>--->0,thenasp |0,

No=0pP 4 0(p? 1Y) where 0 < B < 1.
The coefficients B; can be computed explicitly.

Since the operator is compact and skew-hermitian, its spectrum will be discrete
and imaginary, except for an accumulation point at zero. It is known already that
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the Kerzman-Stein operator vanishes identically for a circle. The ellipse, however,
is the first simply-connected, smooth, bounded domain to be considered for this
problem after the disc.

It is known as well that the Kerzman-Stein operator is invariant under Mobius
transformations of the complex plane. So in a previous article [4] the author com-
puted the spectrum for domains bounded by two circular arcs or two logarithmic
spirals—logarithmic spirals are known to have constant inversive curvature. The
ellipse, then, is the first example for which there is no apparent Mdbius symmetry.
See Wilker [19] or Coffman and Frantz [6] for more on this topic.

Formally, Kerzman’s problem is similar to Schiffer’s problem of computing the
Fredholm eigenvalues of a plane domain [14, 15] which has been studied exten-
sively. The similarity is explained by Burbea in [5], where he reduced Kerzman’s
eigenvalue problem to a problem previously studied by Singh [17]. The connection
between Singh’s problem and the Fredholm eigenvalue problem is apparent, for in-
stance, in Bergman’s book [3, p.71]. Loosely, Singh’s problem can be interpreted
as a boundary analogue of the Fredholm eigenvalue problem. For an ellipse, the
Fredholm eigenvalues are known exactly—they are simply powers of the parameter
p. For this fact, see [14, p.1195]. For more on the general problem, see also [2, 16].

The author thanks Professor Sidney Webster for supervising the work of his
doctoral dissertation, of which this was a part.

2. PRELIMINARIES

We follow notation that Bell uses in his book [1]. Suppose © C C is a bounded
domain with twice differentiable boundary, and let T'= T'(w) be the unit tangent
vector at w € 02, oriented positively with respect to Q. If ds is arclength measure
on 012, then the Kerzman-Stein operator is the operator defined by

Af(z) = [ Alzw)fw)ds, = — /@ ) (M - f(—z)>f(w) dsu,

90 2ms w—z W—Z

valid for f € L?(992) and z € Q. In fact, the kernel A(z,w) is bounded at the
diagonal—the apparent singularities cancel each other. The space L?(99) is defined
using the hermitian inner product (f,g)oa = [, fGds.

Since A(z,w) is bounded and 9 has finite length, it follows that A is Hilbert-
Schmidt, and is therefore compact on L?(9f2). Since A is also skew-hermitian, the
spectral theorem says that its spectrum is discrete and bounded, and will consist of
imaginary eigenvalues whose only accumulation point is zero. If €2 is unbounded or
if 9 has a corner, however, this is not necessarily true. See [4] for specific examples
when A is non-compact.

We point out two general facts about A that will be helpful to our study of the
ellipse. Let A be the unit disc, A = {z : |z| < 1}.

Lemma 1. Suppose h : A — 0 is biholomorphic in a neighborhood of OA and
VI is single-valued near OA. Then the Kerzman-Stein operator on L*(0) is
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unitary equivalent to the operator on L*(OA) with kernel

o w _ 1 iw\/h’(w)\/h’(z)_iz\/h’(w)\/h’(z) .
Az, w) ( h(w) = h(2) ) —h(a) )f , 2 € OA.

T 2mi

Proof. We first establish an isometry L?(0A) 2 L2(9Q) given by (f o h)v/h/ « f.
Taking f,g € L?(09), this follows from

fgdSZ/ (foh)-(goh)|h’|ds:/ (foh) VI - (goh)VH ds.
OA OA

o9
Next, write for f € L%(99),

1 T(w") T(2")
A ! = — — = — ! d w’
oaf() = 5— o <wl_zl o f(w') dsu,
and replace w’ = h(w), T(w') = % <iw, and ds,s = |W/'(w)|dsy, and also
2" = h(z) and T(2') = o - iz. Then,

(Aanf) o h(z)

1 W W) E W@

“7i <h<w>—h<z> ) m—wmwzn)“ Wil ds.:
Multiplying both sides by 1/h/(z) gives

(ABQ,f) o h(Z) h/(Z)

1 B <iw\/h/(w)\/h/(z)_izﬂw)ﬂ(z))UOh)(w)\/stw

T 2mi h(w) — h(z) h(w) — h(z)

and the lemma is proved. O

Lemma 2. The Kerzman-Stein operator commutes with the involution ¥ on L?(0Q)
given by f — fT; that is, AUf = WAf. So the (imaginary) spectrum of A is sym-
metric with respect to 0.

Proof. Notice that

- ot (2L T i = A
AV f = A(va)mdsw = A(Z,w) f(u)) dsqy T(Z) = UAf.
o 80

So, if Af = i\f, then also AVf = WAf = U(iAf) = —i\Vf, and the lemma is
proved. (Il
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3. APPROXIMATION BY FINITE RANK OPERATORS ON THE UNIT CIRCLE

The theorem is proved as follows. Using Lemma 1, we transform the problem
from the ellipse to an equivalent problem on the disc. We express the new kernel
using a double Fourier series, and approximate the operator using finite rank op-
erators with kernels that have rapidly decaying coefficients. We then estimate the
eigenvalues of the approximating operators. Finally, we use the Cauchy interlace
theorem and a previous estimate of Feldman, Krupnik, and Spitkovsky in order to
bound the leading coeflicients.

3.1. Pulling the Kerzman-Stein operator back to the unit disk. For the
ellipse, take 0 < p < 1 and h(z) = z 4 p/z. Then, using the expansions

L,

h(w) = h(z) = @+ L)~ @+L) = (w-2)0- L

wz

and

and also the identities w = 1/w, Z = 1/z, and

¥ —w

zZ—w w—z
for w, z € A, we find by Lemma 1 that the Kerzman-Stein operator for the ellipse
is unitary equivalent to the operator on L?(9A) with kernel

1 . . 1 1 . .
A(z, w) _ w - Z (_1)J+kpg+k+l (2> (Z)[wQJZZle _ w2j+lz2k+l] .

S k120 J

The order of summation can be taken symmetrically with respect to j, k, [; that is,
the partial sums are s, =Y Jki<n We will see that these partial sums are each
divisible by w — z.

Next, identify OA with the interval [0, 27] and use the standard basis {¢;} ez for
L2([0,27]) given by 1;(s) = €¥*//2m. In terms of this basis, the Kerzman-Stein
operator has kernel

Alts) = ¢

T oneis _ it
1 1
Z (_1)j+kpj+k+l (5) (i>[e—i(2j+z)se—i(2k+z)t — (204D gi(2k4DE]
) J
J,k,1>0

or alternately,

Alts) = > an (1) di(s)

J,kEZ

for real coefficients a; ;, that satisfy

(i) ajx =0 if both j, k <0, if both j,k > 0, or if j+k is odd.
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(ii) ajr=p i b_jx if j <0 < k; the b are determined by

1 1
Z b w2k — w (_1)j+k <§> <§>w2j+lz2k+l.
w—z 7.k, 1>0 ‘7 k

7>0,k>0
J+k+1>0

(ili) ajr = —ax,; for all 7, k.
(iv) ajr = a—j_1,—k—1 for all j, k.

As an operator, A then behaves as multiplication by the matrix (a; ) kez-

Proof of (i)-(iv). To prove (i), rewrite A(z,w) using the expansion

1 11 w e
_ n(_~— = 1) — 11 -1 j+k( 2
271' = P (w2n Z2n ) w—z Z w2 Z ( ) y

0<I<n k>0 J
jtk=n—1

1 1 1 w 1 1
- n - 1 a2 -2 n—1_n—1
2m n>0p (w2” z2n ) w—z [( 2 wz 2° )w N

+ Z w'z! Z (—1)7t* <%> (i)wzjzzk].

0<i<n—2 j,k>0 J
== Jtk=n—1

We have assumed n j+k+1 > 0 since the terms for n = 0 cancel; we have also
interchanged indices j, k in the term w~2~!272k=! and factored out the quantity

(w=2"2=2" — 1). Since
> () (i) -

jH+k=m

for m > 2, as shown in the next section, we may divide the quantity in brackets by
w — z (rather, we divide by w? — 22, but w — z is a factor of this) and obtain

Z aj.k ij*k _ Z pn (ﬁz% _ 1) Z ’LUlZl Z Comi wP ZQ(nfl)fp

jkez n>0 0<i<n—1  1<p<2(n—1)

_ E E pn Cpn—i [w—2n+l+p Z—l—p _ wl—i—p Z2n—l—p]7

n>0 0<i<n
1<p<2(n—1)

for real coefficients cpm, 1 < p < 2m, that can be given explicitly in terms of the
binomial coefficients. The first terms on the right-hand side have the form 27 w=*
for integers j, k satisfying j < 0, k > 0, and j + k even. The second terms have the
form 27 w~* for integers 7, k satisfying 7 > 0, k < 0, and j+k even. The coefficients
a;  for the remaining j, k must be zero, so (i) is proved. To prove (ii), start with

the nth degree terms in the definition of the b; x,

1\ /1
ik W itk [ 2Y (2,254 2k
g bk w!z =0 E (—1) <]) <k>w3 Z

j>0, k>0 J,k,1>20
jt+k=n 2(j+k+1l)=n
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then mult1ply both sides by p"/? and sum on n > 1. After substituting w = €’
and z = ¢%, and replacing 5 — —j on the left-hand side we obtain

; 1 1
itk _ijs ikt €” Z ik gtk (2 ) [ 2 ) i(25+D)s i(2k+1)E
z :p - b—j,ke z;sez — eis — eit (_1)] pJ j k 61 J Sez

j<0 J k,1>0
k>0 j+k+1>0
ijt —iks ijt —iks
= — E ajre’e = E aje’'e .
k<0,5>0 k<0,5>0

The third equality uses (iii), which is proved next. Then, interchanging j, k in the
last expression gives a; i = pﬂ;k b_,r and (ii) is proved. To prove (iii), use the

identity % /(e?* — e') = e‘“/(e‘“ — e_is) to verify that A(s,t) = —A(t,s). Then

Zaak% Zagk‘/’y Ur(s),

and after interchanging j, k, it follows that a;, = —ag, ;. To prove (iv), first verify
that A(t,s) = A(t 5) ~iseit, Then

Z%wg Z%Jﬂd’]-‘rl ¢k+1 Z% 1,k—1 15 () Pr(s)
ZG—J 1— k=1 95 (1) i (9)-

The second equality uses the replacements j — j—1, kK — k—1, and the third
equality uses the replacements j — —j, k — —k, and the fact that ¢_; = 1/)_j (|

These properties enable us to show the eigenspaces of A are even-dimensional.

Lemma 3. If the Kerzman-Stein operator has an eigenvalue i\ that corresponds

with eigenvector v = v = Y w;ip;, then it has a second eigenvector v3t =
Zv_] 1¢] that corresponds with i\. There are also eigenvectors v~ = S V4,
and v¥~ =Y v_;_11; that correspond with eigenvalue —iX.

Proof. Suppose that v'* = 37 vj1h; so Avht = A vjehy) = 37 4 ajrvk ¥y and
>k @5, kVk = iAv; for each j. Then, using (iv),

A>T = Zaj,kv—k—l% = Z aj1,—k—1V—f—1%; = Zi)\v—j—l%‘ = ixv>t.
gk gk J
A parity argument shows that v+ and v*»T can be made independent of one
another. To see this, decompose
def
U = Vodd +Ueven = /UJQ/J] + Z UJQ/J]
j odd j even

If Voqq # 0, then replace v = v = v,qq; else replace V1" = Voyen. Then, Avht =
idv" 7 still holds, since a; = 0 for j+k odd. Moreover, v"* = 3~ v;4p; and v*F =
> ; V—j—1%; will have opposite odd/even parity, and will therefore be orthogonal.
Finally, we describe the opposite eigenspace. If v}~ = 05, we find

1L— _ - _ S _ N5l — i ypli—
voT = E aj KR = E aj K0k = E —iINUj; = —iA\v
Jik 3k J

Then also v~ = Y ¥_,_11); is an eigenvector corresponding with —i), since it is

gotten from v~ in the same way that v*7 is gotten from vl. O
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From now on, we associate the spectrum of A with a list of values A\ > Ao >
-++ >0, so the eigenvalues of A are +i);, where each +i); has multiplicity 2.

3.2. Approximation by finite rank operators. We now pass to a set of finite
rank operators A, with degenerate kernel
2n—1 L
An(tis) = > ainti (1) ls).
jk=—2n
The rank of A, is at most 4n. Furthermore, Lemma 3 also holds for the A,, since
the span of ¥_op, ..., 12,1 is unchanged under the transformation ¥; — ¥_;_;.
We then associate the spectrum of A, with a list of values Ay > --- > X\, > 0, so
that the eigenvalues of A,, are +i); and each +i\; has multiplicity 2.
As an operator, A, acts as multiplication by the matrix (a;x);jk=—2n,... 2n—1.
To illustrate this, we show the matrix for Az in Figure 1. The columns and rows

are indexed over —6,—5,...,4+5. Notice that the matrix is skew-hermitian (in
r —p° —25p% —81p° 7
0 0 0 0 0 0 16 g . o5 8? . o8 8105
0000000 =0 S 0 g
0 0 0 0 0 0o = 0 ' 0 £ 0
8 52 8 503 128 5t
0 0 0 0 0 0 0 5 5O2 - 303 98
0 0 0 0 0 0 =L 0 2L 0 30 0
2 , 8 2 16 K
(1 0 02 0 0 0 0 5 0 5 0 I
L 0 & 0 £ 0 0 0 0 0 0 0
3p° 502 _
04 55 O3 L 0 . = 0 0 0 0 0 0
200 %2 0 == 0 0 0 0 0 0 0
o 82 o =2 o £ 0o 0o 0 0 0 0
81p° —81p* —3p°
95 0 . o 0 \ o O3 0 0 0 0 0 0
L0 ¢ 0 = 0 5 0 0 0 0 0 0]

FIGURE 1. The matrix associated to As

fact, real skew-symmetric) and the powers of p increase away from the diagonal.
This illustrates properties (ii) and (iii) of the a; k. Properties (i) and (iv) are also
apparent. The innermost 4 x 4 and 8 x 8 submatrices correspond with A; and A,
respectively.

The next result assumes that p | 0, so we are considering only ellipses with small
eccentricity.

Lemma 4. As described above, associate the spectrum of A, with the list of values
AL > > A, > 0. Then, for 1 <1 <mn,

=08+ 0(p2l*1) for constants B; > 0.

The coefficients B; can be computed explicitly.
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Proof. Consider first the characteristic polynomial of the matrix associated to A,

2n—1 4n
p(V) = det(A, =MD = > [ (-7 (050, = Mjay) = D (=1 az A",
o j=—2n 7=0

where §;, =11if j =k and d;, = 0 if j # k. The sum is taken over permutations
of {—2n,...,2n — 1} and (—1)? indicates the signature of a permutation o.

The zeros of p(A\) are the eigenvalues of A,,, and the coefficients a; are the sums
of products of eigenvalues taken j at a time. Consider specifically the coefficient ay;
in the expression. A permutation contributes a term to this coefficient only if it acts
identically on 4n — 41 entries. (There are zeros along the diagonal of matrix (a; ).)
Of these permutations, only those that act identically away from {—21,...,2l — 1}
contribute a term with factor p4l2. The others contribute higher powers of p; this
uses (ii). In fact, the permutations that act identically away from {—2I,...,2] -1}
contribute det A; to the coefficient oy, and ay; = det A; + 0(p4l2).

Next, since A; is skew-symmetric and zero in its upper-left and lower-right quad-
rants, its determinant is the square of the determinant of its upper-right quadrant.
The entries in the upper-right quadrant are p# b_jk, sodetA; = p4l2 (det B;)?
where B is the matrix

By = (bjr)

(This also involves interchanging an even number of rows, but this doesn’t affect
the determinant.) It follows that ay = p* (det B;)2 + o(p*).

Proposition 1, stated and proved in the next section, says that det B; # 0 for
each [. So then ay; is always comparable to p4l2. In particular, when | = 1, the
product of the four largest eigenvalues is comparable to p*. That is,

(1) XL = (Fid) (+id) (=) (=id) = B7 - p* + o(p?),

for B # 0. In general, the product of the 4l largest eigenvalues is comparable to
pA . That is,

(2) XXM = 800 o™,

for 3/ # 0. From (1) and (2) it follows inductively that A\, = 8, p2!=1 4 o(p?~1) for
B # 0. Next, since \; = O(p?~1) for each [, we conclude that ay; and Af A3 -+ A}
agree to order p4l27 and

(3) AN N = pf(det B))2 + o(pi).

It now follows inductively from (3) that 3, = (det By)/?, and for | > 1, §; =
(det B;)'/? - (det B;_1)~ /2. So the lemma is proved. O

Using a result of Hermann Weyl [18], we recover the same information for A
that we now have for A,,. Weyl proved the result for the case of symmetric kernels;
the proof is the same for the case of hermitian or skew-hermitian kernels. See also
Porter and Stirling [13, p.146-147].
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Lemma 5. Suppose K' and K" are symmetric kernels in L*[(a,b) x (a,b)] and
denote by x1, X2, --., the eigenvalues for any such kernel, repeated according to
multiplicity, and arranged so that |x1| > |x2| = --- . Then,

Xkt (K + K] < X (K] + Xk (K7
Using the lemma, set K’ = A,, K" = A— A,,j=1—1,and k = 0. Then
(A < DalAn)] + [x2(A = An)l.
Also, if K/ = A and K" = A, — A then
Xt(An)| < Pxa(A)] + [xa(An = A)].

This means that the eigenvalues of A agree with the eigenvalues of A, to within
Ix1(A — A,)|. So by (ii), they agree to within O(p"™!), since this is the Hilbert-
Schmidt norm of A — A,,.

Returning to the notation with eigenvalues +i\; arranged with Ay > Ay > -+ -,
where each +i)\; has multiplicity 2, we now choose n > 2] — 1 and find

)‘l(A) = )‘l(An) + O(p2l) e ﬁl . p2l_1 + 0(p2l—1)7

where the §; # 0 are specified in the proof of Lemma 4. Apart from Proposition 1,
then, we have left to show only that the 3; are bounded by 1.

3.3. Bounding the coefficients. We start with a variant of the Cauchy interlace
theorem. Following our earlier convention, associate the spectra of A; and A;_;
with values Ay > Ao > -+ > N >0and pu3 > pg > -+ > —1 > 0, respectively.
Then, the relevant minimax formula for A;; is

i |(v, Ajv)]
Ajr1 = min |max ————
7+ 9
UL yeenyUj v (1),1))
where the maximum is taken over vectors v orthogonal to vectors uq,...,u; and

their images under the transformations

Yok — D V—k—1Vk, O UkWUk, D U—p—1U%

that occur in Lemma 3. Notice that A; is gotten from A;_; by adding 4 rows and
columns, but these rows and columns correspond with a single vector (for instance,
v = 1)9;_1 + ithg;_2) and its transformations. Then, following the usual proof of the
interlace theorem as given by Franklin [8], for instance, it follows that

A > pr > X > pe > > > N > 0.

Next, we use Feldman, Krupnik, and Spitkovsky’s estimate [7] that says ||A] < 1
for any ellipse, and in particular, A\; < 1. Then

det A; = (/\1/\2 /\1)4 < (1 “Ag e )\1)4 < (1 AR ,U'lfl)4 = det 4;_1.
This is true for any p, so letting p T 1 gives

(detB[)2 = (det (bjk)j=1,.2 )2 < (det (bjx)

j=1,.20-2)% = (det Bi_1)?,
0. 21—1 k

= =1,...,21—
= =0,...,21-3

J
k
and therefore, §; < 1.
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Numerically, it seems that the coefficients [; increase with an upper limit of 1.
Figure 2 illustrates this behavior for 1 <[ < 40. The first few leading coefficients

B

1.0’ .......oo0000000000000000000000000
o

.
.

.

0.5¢-

‘ ‘ ‘ ~
10 20 30 40

FIGURE 2. Plot of the leading coefficients, g;, for 1 <1 < 40.

are /1 = 1/2, B = 25/32, B3 = 441/512, and (4 = 184041/204800. The author
determined these coefficients using Mathematica.

4. PROOF OF PROPOSITION 1

The definition of the b, in the proposition below is slightly different from the
previous section—we have multiplied the right-hand side by z. So the coeflicients
bjr for 1 < 4,k < 2m in this section correspond with the coefficients b, for
1<75<2m,0 <k <2m—1 in the previous section. The order of summation
can again be taken symmetrically with respect to w and z; for instance, use partial
sums ).\ o, for the left-hand side, and partial sums 3, ., for the right-hand
side.

Proposition 1. Let coefficients b; ;; be determined by the equation

1

1
) ik Wz ik (2N (2, 240 2k+!
g bjwz =0 g (-1)/ <)<k>w3 ZPT

j,k=1...00 4yk,1=0...00 J
j+k+1>0

If By, is the matriz (bj ) k=1..2m, then det By, # 0 for m > 0.

The proof is combinatorial in nature, and depends on the fact that the b, are
dyadic rational; that is, they are either zero or they have the form r = 2" - u for u
odd and n € Z. We use the valuation | - |2 defined on all rationals according to

pp o {27 HEr A0

Tlo ifr=0

where in the first case r = 2™ - u/v for odd u,v. For example, |5/8|2 = 8. The
valuation has the following properties (see Jacobson [9, p.211]):

(a) |rirale = |r1l2 - [r2l2
(b) |r14re|2 < max(|r1]2,|r2]2), with equality only if |r1|a # |re|a orr; =19 =0



SPECTRUM OF THE KERZMAN-STEIN OPERATOR FOR THE ELLIPSE 11

The proof of Proposition 1 is structured as follows. Let o range over all permuta-
tions of {1,...,2m}. Then, since det By, = >, [[;—; o, (—1)7bj,5,, We have

|deth|2§m;1x| H bjo,l2-

j=1...2m

This will be an equality provided there is a unique permutation o for which the max-
imum is attained. We will find such a maximizing permutation, then |det B, |2 # 0
and det B,, # 0. That is, we will show det B, is nonzero dyadic rational.

We begin by introducing intermediate coeflicients d; ;, defined by

NP2
Z djpw 2% = wz + Z J'H“( )(2)102]2%,

7,k=0...00 j,k=0...00 ']
j+k>0

and we claim that if n is fixed, then >, d;x = 0. For n = 2, it is easy to
check that do 2+ di,1 +d2o = (—=1/2) + 1+ (—1/2) = 0. For larger n, notice that
djr = 0 if either j or k is odd. In particular, if n is odd then d;jr = 0.
There remains the case when n = 2p for p > 2. We find that

o 2o ()

Jtk=n J+k=p

j+k=n

and this is the coefficient of z? in the expansion
1 1 )
l—r=v1l—a-V1—2x= Z (-1 J+k<2) <]2€>$J+k7
3,k>0 J
which is evidently zero. So the claim is proved.

We may then divide by w — z (rather, we divide by w? — 22, but w — z is a factor
of this) and obtain coefficients ¢; , that satisfy

E cjp w2k E dj w2
7,k=1...00 _],k 0...00

The c;, and d;j are related by
(4) Cn,1 = dn,O and Cn—j,j+1 = dn—j,j + Cn—j+1,5 for 1 <j<n.

Notice in particular that cg1 = —1/2 and ¢; 0 = 1/2.

Following Jacobson [9, p.211], define v(r) = —log,|r|2 and v(0) = oo. For
example, v(5/8) = —log, 8 = —3. Then the following properties of v are equivalent
to the corresponding properties of | - |2; we will use both repeatedly:

(a) v(rir) =v(r1) +v(rz)
(b) v(r1 +r2) > min(v(r1),v(r2)), with equality only if v(r1) # v(re) or 1 =
To = 0

Observe that if || denotes the greatest integer less than or equal to x, then
1/((1§2)) == ,50lj/2P] for j >0, since

(%) _@EDED G -it D

J J!
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On the right-hand side of this identity, the j multiplicative factors each contribute
a factor of 1/2, and the j! contributes |j/2] + [j/4]| + |j/8] + - -- factors of 1/2
since |j/2¥| is the number of multiples of 2% in 1,2,..., 7.

Using this, we can compute the values v(d; ;) and obtain a lower estimate for
the values v(c;r).

Lemma 6. If 1 < j < n, then v(cjn+1-5) > —>_,-0ln/2P]. There is equality
when n is a positive power of 2.

Proof. If n is odd then d;,,—; = 0, s0 ¢jnt1—; = 0 and v(¢jny1—j) = o0, and if

n = 2 we see directly that v(ce,1) = v(c1,2) = —1. So suppose n > 4 is even, then
04 (/2 12 12\ s o
djn—j = 0if jis odd, and d; ,,—; = (—1) (3/2) ((nfj)/Q) if j is even. So if j is

even,

Vi) =~ S22 = - SL,

p>0 p>0

and since the ¢jn41-; are combinations of the d;j,—; by (4) we have proved the
first part of the lemma.

If n = 2% for ¢ > 1, we show there is equality. First, notice that v(d;2—;) =
v(0) = oo if j is odd. Next,

and for 0 < j < 29, j even,

29—j

V(das) = — Y (121 + 21 - 2J—‘ZL;_:J'

p=>0 p>0 p>0

Here the inequality is strict because when p = ¢ — 1, then

29—j

2]+

24

J:0+0<1:L22:pj.

N |m|n.

Using (4), it then follows for 1 < j < 29 that [¢j2041-jl2 = —>_,.([27/27], and
the lemma is proved. O
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Next we show that b;, = Zl:O...min(j—l,k—l) ¢j—1,k—1- This follows from

min(j—1,k—1)

oo
E E Cj—1,k—1 wizk = g E Cj—1,k—1 wI TRt Rt

J,k=1...00 =0 j,k=l+1...00
[
= E E cirw 2wz
1=0 j,k=1...0c0
= w2
= E E djpw? 2% w!2!
w—z
1=0 4,k=0...00
—~ Wz (AN (3
:E wz+ g (=1)7FR(2) (2 |w? 220 | w!2
w—z . J)\k
=0 j,k=0...00
Jj+k>0

1 1
_ wz Z (_1)j+k<§.) <§)w2j+1z2k+l.
w—2z 3,k,l=0...00 J k

j+k+1>0

We now estimate the value of v on the b, ;.

Lemma 7. If1 < j < n, then v(bjny1—;)
when n is a positive power of 2.

> =2 ~oln/2?P|. There is equality

Proof. Using Lemma 6 we compute

min(j—1,n—j)

v(bjnt1-5) = v( Z Cjlnt1—j—1) = min v(cj—iny1—j—1)

=0 1=0...min(j—1,n—j)

> Zn—Ql ZL%J

1=0.. mm] 1,n—3)) >0
p

Furthermore, if n = 29 for ¢ > 1, then for [ # 0,

29 — 2] 24
v(cj_ra0q1-j-1) 2 — D | 51> —ZLQ—pJ = v(cj2041-5).

p>0 p>0

So we find that
min(j—1,29—j3)
v(bjoiig) =v( D> ¢iiait1-j1)
1=0

v(cj—t2041—j-1) = v(¢j2141-5) ZLzPJ

min
1=0...min(j—1,29—j
(4 7) 550

and the lemma is proved. O

We come now to the proof of the proposition, and as a matter of notation set
vy = D ,50ln/(2P)]. Then the previous lemma says v(bjx) > —vi,_, for any
7,k with equality provided j + k& — 1 is a positive power of 2. We claim there is

a unique permutation o of {1,...,2m} that mazimizes ZJ \ Vito,—1, and for this
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permutation, j 4+ o; — 1 is a positive power of 2 for all j. The proposition then
follows since

Z V(bjﬂ'j) e Z V;—i-rj—l > = Z V;—l-oj—l = Z I/(bj,aj)

j=1...2m j=1..2m j=1..2m j=1..2m

for any other permutation 7. In particular, v(det By,) = >, o, ¥(bj0;) # 00,
and det B,, # 0.

We describe how ¢ is chosen. As j + k — 1 increases through the even numbers,
there is a significant drop in the value of v(b; ) when j+k—1 reaches a power of 2; in
fact, the size of the drop increases with successive powers of 2. So working from the
lower-right of the matrix, choose the permutation o so that j+o; — 1 is the largest
possible power of 2. This determines o; for the range 29 — 2m < j < 2m, where
2971 < 2m < 29, In particular, o restricts to a permutation of {29—2m+1,...,2m}.
Now repeat the procedure for the remaining (2¢ — 2m) x (27 — 2m) upper-left
submatrix and continue. This procedure uniquely determines a permutation ¢ and
the claim says that o uniquely minimizes 3, _; 5., v(bjo,) = = 22,21 om Viyo,—1-

To be precise, if 2™ is the optimal permutation for {1,...,2m} and if ¢ is chosen
so that 2971 < 2m < 29, we will find that

om 29 —j41 if 29-2m < j<2m
9i T g22m

F otherwise.

As an example, in Figure 3 we show the matrices with entries v/(b;x) and v},
for 1 < j,k < 2m, where m = 3. (See Figure 1 for the related matrix As.) The

oo -1 oo -3 oo -4 0 1 1 3 3 4
-1 o0 -3 oo -4 1 1 3 3 4 4
©o -3 oo -3 oo -7 1 3 3 4 4 7
-3 o -3 oo -7 o~ 3 3 4 4 7T 7
oo —4 oo -7 oo =T 3 4 4 7T T 8
—4 oo =T oo -7 o 4 4 7 7 8 8

FIGURE 3. The matrices (v(bj)); k=1

permutation that produces the minimal value for 3 y v(bj,5,;) is indicated in bold

typeface. We find that v(det Bs) = >_, v(bj,0;) = —30.

The claim is proved using induction on m and requires two steps. The first step
says that the optimal permutation must restrict to a permutation of {29 — 2m +
1,...,2m}, and the second step specifies its values on this set. The second step
establishes the base of the induction as a special case; the base of the induction

occurs when 2m =29, ¢ > 1.

STEP 1: If ; < 29 —2m for 29 — 2m < j < 2m, then there is a permutation 7*
such that 37y 5 Vs 1 < 2zt om Vi 10
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Proof of Step 1. The proof of this step is inductive on j, beginning with j = 2m.
So suppose first that 75, < 27 — 2m and define

29 —2m+1 ifl =2m

* . g def 1
T =X Tom ifl = ' = T 9mi1

T otherwise

so that 73, = 7;; =29 — 2m + 1 and 7}, = To,,; otherwise, 7° and 7 agree. Then,

2m + 1oy — 1 J+@21-2m+1)-1
Vam-gram—1 1V ]+T/— :ZL op J+1 ( op ) J

p>0

294 5" + 1o — 1 ]+7'2m—1
D ILRSRR RIS T
p>0 p>0

* i’ *
:Z\_Qm-i-sz 1J+\_j +;JD, 1 =I/§m+7_ it +T .
p>0

Here, the first and last equalities are by definition, the strict inequality occurs since
both 2m + 79, — 1 < 2% and j' + 29 — 2m < 29, and the second equality occurs
since j' + Tom — 1 < 2m + (29 — 2m) — 1 < 29, Tt follows that > ,_; . Viin1 <
Di=1..2m Vigrs—1-

For the inductive step, pick the largest j such that 7; <29 —2m and 29 — 2m <
j < 2m. Like before, define 7/ by

209 —4+1 ifl=j
T = ) 1fl—j’d—ef7'2_ql]+1
T otherwise
so that 7/ = 7j; = 29— j + 1 and 7}, = 7;. Consider the two possible cases:

Case 1: If j > j" then Y7, o v 1 <D1 om Viir/—1, Since as before,

j+7—1 J+21-j+1)-1
(5) ]+T] 1+ ]+T/— :ZL 2; J+L P J
p>0
20944 471, -1 _ 24 J+Tm-1
<Y =Y G +
p>0 p>0

]+T—1 i+ =1

—Z J+1 2; ] = g+r—1+ 1

p>0
Here, the strict inequality occurs since j + 75 — 1 < 2m + (29 — 2m) — 1 < 29 and
J4+@29—54+1)—1< j+ (27— j) = 29, and the second equality occurs since
G —1< 2m+ (29— 2m) — 1 < 29,
Case 2: If j < j', then the inequality in (5) is weak since j' + (29 —j+1) —1 > 29.
Nevertheless, we recover lel___Qm Vl*+ﬂ_1 < lel___Qm V;‘JFTL,_l for the permutation
7' for which 77, = 7; < 27—2m and j’ > j. Inductively, then, there is a permutation

E Viyr -1 < E Vz+T -1 < E Vigrr—1

1=1..2m l=1..2m

7* so that



16 MICHAEL BOLT
and the proof of Step 1 is complete. (|

STEP 2: If 7; # 29— j + 1 for some 2¢ — 2m < j < 2m then there is a permutation
o SU'Ch tha‘t Zl:l...Qm Vl*-l-‘rl—l < Zl:l...Qm Vl*-l-al—l'

Proof of Step 2. After Step 1 we may assume that 29 — 2m < 7; < 2m for all
29 — 2m < j < 2m, and we compute

j+7'j—1 o j+7'j—1 j+7'j—1
Y lm—l= X OZ [
<p<gq

p>0 P=q
24 —2m<j<2m 29-2m<j<2m 20 —2m<j<2m

since j +7; — 1 < 297! for all j. The first sum on the right-hand side gives the
number of j for which j +7; —1 > 29, and since

> GHT -1 =2-[27=2m+ 1)+ + (2m)] — [2m — (27 — 2m)]
29 -2m<j<2m
= (4m — 29)29
the second sum is no larger than
4dm — 29)24
Z L%J = (4m —29) - [2‘171 4 +2] = (4m —29)(27 - 2).
0<p<q

It follows that } sq 9, j<om Vitr,

(4m — 29) + (4m — 29)(29 — 2) = (4m — 29)(29 — 1),

_; is no larger than

with equality possible only if j +7; — 1 > 2¢ for all 29 — 2m < j < 2m. But this
requires that 7; = 29 — j 4 1 for all such 7, and in that case there is equality, since

3 L%J = (4m — 2929 4 1) = (4m — 29)(20 — 1).

p>0
29 -2m<j<2m
This completes the proof of Step 2, so the claim is also proved. (|
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